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Spectrum Leasing to Cooperating Secondary
Ad Hoc Networks
O. Simeone, I. Stanojev, S. Savazzi, Y. Bar-Ness, U. Spagnolini, and R. Pickholtz

Abstract—The concept of cognitive radio (or secondary spectrum access) is currently under investigation as a promising
paradigm to achieve efficient use of the frequency resource by
allowing the coexistence of licensed (primary) and unlicensed
(secondary) users in the same bandwidth. According to the
property-rights model of cognitive radio, the primary terminals
own a given bandwidth and may decide to lease it for a fraction
of time to secondary nodes in exchange for appropriate remuneration. In this paper, we propose and analyze an implementation
of this framework, whereby a primary link has the possibility
to lease the owned spectrum to an ad hoc network of secondary
nodes in exchange for cooperation in the form of distributed
space-time coding. On one hand, the primary link attempts
to maximize its quality of service in terms of either rate or
probability of outage, accounting for the possible contribution
from cooperation. On the other hand, nodes in the secondary
ad hoc network compete among themselves for transmission
within the leased time-slot following a distributed power control
mechanism. The investigated model is conveniently cast in the
framework of Stackelberg games. We consider both a baseline
scenario with full channel state information and informationtheoretic transmission strategies, and a more practical model with
long-term channel state information and randomized distributed
space-time coding. Analysis and numerical results show that
spectrum leasing based on trading secondary spectrum access
for cooperation is a promising framework for cognitive radio.
Index Terms—Cognitive radio, property-rights, Stackelberg
games, cooperative transmission, spectrum leasing.

I. I NTRODUCTION

T

HE LIVELY debate around the concept of cognitive radio
has by now broadened its scope to include substantially
different technologies and solutions. The identifying feature,
which seems to be common to different schools of thought on
the subject, is the coexistence on the same spectral resource
of both licensed (or primary) and unlicensed (or secondary)
terminals and services [1]. The very raison d’être of cognitive
radio is in fact the evidence that: (i) current spectrum allocation granting exclusive use to licensed services is highly inefficient, (ii) new wireless communication technologies allow
effective spectrum sharing. This principle has already inspired
technological solutions [2] and standardization efforts [3] [4].
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Among the different debated positions, two main approaches
to cognitive radio have emerged [1] [5] [6]:
• Commons model: according to this framework, primary
terminals are oblivious to the presence of secondary
users, thus behaving as if no secondary activity was
present. Secondary users, instead, sense the radio environment in search of spectrum holes (portions of the
bandwidth where primary users are not active) and then
exploit the detected transmission opportunities.
• Property-rights model (or spectrum leasing): here, primary users own the spectral resource and possibly decide
to lease part of it to secondary users in exchange for
appropriate remuneration.
The commons model is currently being studied using
different tools such as information theory [7] [8], partially
observable Markov chains [9] and queuing theory [10]. The
property-rights model has instead been seldom analyzed in the
communication engineering literature on the grounds that its
implementation is mostly a regulatory issue that hinges on the
definition of a pricing model for spectrum leasing [5].
A. Cooperation-based spectrum leasing
In this paper, we focus on the property-rights model and
propose a framework in which secondary terminals are granted
the use of a given spectral resource by the incumbent primary
in exchange for cooperation. The rationale is that the primary
nodes will be willing to lease the owned bandwidth for a
fraction of time if, in exchange for this concession, they will
benefit from enhanced quality of service (e.g., in terms of
rate or probability of outage) thanks to cooperation with the
secondary nodes. In turn, the secondary nodes have the choice
about whether to cooperate or not with the primary on the
basis of the amount of cooperation required by the primary
and the corresponding fraction of time leased for secondary
transmissions.
We consider a single primary link sharing the spectrum with
an ad hoc network of secondary nodes as depicted in Fig. 1.
In the secondary network, each transmitter has information to
deliver to a given secondary receiver (interference channel).
The primary link may lease the owned bandwidth for a fraction
of time to a subset of secondary transmitters in exchange
for cooperation (relaying) in the form of transmission via
distributed space-time coding (DSTC) [11].
In the fraction of time available for the secondary activity,
the subset of selected secondary transmitters compete for
transmission to their respective receivers by performing decentralized power control. Accordingly, each secondary node
seeks to maximize a utility function that accounts for the cost/
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II. S YSTEM M ODEL
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Fig. 1.
Secondary spectrum access through cooperation-based spectrum
leasing, for K = 3 secondary transmitters and receivers: (a) primary
transmission; (b) space-time coded cooperation; (c) secondary transmission.

benefits trade-off between the expense in terms of transmitted
power and the achievable quality of service. For instance,
an excessively small fraction of time leased for secondary
transmission may not compensate for the overall cost of
transmission (including relaying) and the secondary may then
decide not to transmit, and thus not cooperate with the
primary. The outcome of this competitive and decentralized
behavior can be described by the basic solution concept in
game theory, namely the Nash Equilibrium (NE) [12]. Gametheoretic analysis of the interference channel with distributed
power control has been reported in [13] [14].
Overall, the considered framework is characterized by a
hierarchical structure, where one agent (the primary link)
optimizes its strategy (leased time and amount of cooperation)
based on the knowledge of the effects of its decision on
the behavior of a second agent (the secondary network). A
convenient analytical model to study this scenario is provided
by Stackelberg games [12]. Related work on application of
Stackelberg games to wireless communications can be found
in [15], where the main focus is promoting cooperation in ad
hoc networks, and in [16], where the authors are primarily
interested in the optimal design of an access point in a
decentralized network.

We consider the system sketched in Fig. 1, where a primary
(licensed) transmitter PT communicates with the intended
receiver PR in slots of NS symbols. In the same bandwidth, a
secondary (unlicensed) ad hoc network Stot , composed of K
K
transmitters {STi }K
i=1 and K receivers {SRi }i=1 , is seeking
to exploit possible transmission opportunities. We assume
one-to-one communication in Stot , i.e., the data from the
secondary terminal STi is intended for the secondary receiver
SRi (interference channel).
The primary transmitter PT grants the use of the bandwidth
to a subset S ⊆ Stot of |S| = k ≤ |Stot | = K secondary
nodes in exchange for cooperation so as to improve the quality
of the communication link to its receiver PR. In particular,
the primary decides whether to use the entire slot for direct
transmission to PR or to employ cooperation. In the latter case,
a fraction 1−α of the slot (0 ≤ α ≤ 1) is used for transmission
from PT to the secondary nodes in S (see Fig. 1-(a)). Moreover, the remaining αNS symbols are further decomposed
into two subslots according to a parameter 0 ≤ β ≤ 1.
The first subslot is of duration αβNS and is dedicated to
cooperation: the set S of active STi form a distributed kantenna array that cooperatively relay the primary codeword
through DSTC towards PR [11] [17] (Fig. 1-(b)). In the last
subslot of duration α(1 − β)NS symbols, the active secondary
nodes are allowed to transmit their own data (Fig. 1-(c)).
In this last subslot, the transmissions scheme amounts to
an interference channel with distributed power control [13]
[14]. Finally, notice that the durations of different subslots are
constrained to be integer numbers, which is guaranteed if αNS
and αβNS are integer.
B. Physical layer
The channels between nodes are modeled as independent
proper complex Gaussian random variables, invariant within
each slot, but generally varying over the slots (i.e., Rayleigh
block-fading channels). We use the following notation to
denote the instantaneous fading channels in each block: hP
denotes the complex channel gain between primary transmitter
PT and primary receiver PR; hPS,i the channel gain between
PT and secondary transmitter STi ; hSP,i between STi and
PR; hS,ij between STj and SRi for any i, j = 1, ..., K. Moreover, the average channel gains are denoted as: E[|hP |2 ] = gP ,
E[|hPS,i |2 ] = gPS,i , E[|hSP,i |2 ] = gSP,i and E[|hS,ij |2 ] =
gS,ij . We are interested in two scenarios characterized by
different assumptions about the available Channel State Information (CSI) at different nodes and different constraints
on the available transmission strategies:
1) Instantaneous CSI (Sec. III): in this baseline case, the
primary link is assumed to be aware of the instantaneous
realizations of all the fading power gains in the system
(i.e., |hP |2 , |hPS,i |2 , |hSP,i |2 and |hS,ij |2 ), while the secondary nodes are aware only of the fading power gains
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|hS,ij |2 within the secondary network. We notice that,
albeit ideal, the assumption of instantaneous CSI is very
common in the literature on game-theoretic applications
to wireless networks (see, e.g., [13] [14]) and provides
a convenient framework for analysis. Moreover, cooperation via DSTC is studied by considering information
theoretic achievable rates [11] [18].
2) Long-term CSI (Sec. IV): in this scenario, we remove
the idealistic assumptions made in the baseline case discussed above. In particular, we assume that the primary
link only knows the statistics of the fading channels
in the whole system, while the secondary nodes are
aware of the statistics of the fading channels within the
secondary network. We remark that fading statistics are
reasonably considered to be constant for a large number
of transmission blocks, thus making the estimation of
this CSI a feasible task. Furthermore, in order to account
for more practical coding schemes, herein randomized
cooperation among secondary terminals is deployed
using DSTC as proposed in [17].
The transmission power of the primary is denoted as PP .
On the other hand, the ith secondary node in the active subset
S transmits with power 0 ≤ P̂i ≤ Pmax , where the powers,
collected in a k × 1 vector P̂ = [P̂i ]i∈S , are obtained as the
outcome (NE) of the power control game played between
secondary nodes in the last subslot of α(1 − β)NS symbols.
Notice that each of the k activated secondary nodes in S
is constrained to use the same power for both cooperation
and own traffic (see last two subslots in Fig. 1-(b) and
Fig. 1-(c)). This rule is enforced in order to ensure that the
secondary nodes spend for cooperation the same power that
they are willing to spend for their own transmission1 . Finally,
the single-sided spectral density of the independent white
Gaussian noise at the (both primary and secondary) receivers
is N0 .
C. A note on the protocol
Spectrum leasing requires the primary link to be aware of
the number and identity of secondary nodes available in the
band of interest. In practice, this entails the need for a control
channel to be used, e.g., for communicating the availability
of a new secondary user to the primary. This control channel
can also be used for the exchange of CSI parameters among
different nodes (e.g., between secondary network and primary
transmitter) and for delivering the decision of the primary
(slot allocation and cooperation parameters2) to the secondary
network. The need for a control channel, and the consequent
reduction in spectral efficiency, is the price to be paid for
the implementation of spectrum leasing. This contrasts with
the commons model, where the primary is oblivious to the
presence of the secondary nodes and no control channel needs
to be set up.
1 A more general model would have the power used for cooperation to be
an increasing function of the power used for own transmission. As explained
in Sec. III-B, our treatment readily applies to the case where this function is
linear.
2 As it will be made clear in the following, in the case of instantaneous
CSI the primary directly selects the set of cooperating secondary nodes S,
whereas with long-term CSI the primary is only able to select the STC to be
employed.
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III. C OOPERATION - BASED SPECTRUM LEASING WITH
INSTANTANEOUS CSI
In this section, we describe and analyze spectrum leasing
based on space-time coded cooperation within a Stackelberg
game framework under the assumption of instantaneous CSI.
As anticipated above, here we consider information theoretic
achievable rates as performance measures and thus the number
of symbols NS per blocks is assumed to be very large
(NS → ∞). We first discuss the Stackelberg model of
interaction between the primary link (leader) and competitive
secondary network (follower) in Sec. III-A and III-B. Insight
on the system performance is provided via analysis in Sec.
III-C and numerical results in Sec. III-D.
A. Primary link
Based on the available instantaneous CSI, the primary link
selects the slot allocation parameters (α, β) and the subset
of cooperating secondary nodes S ⊆ Stot towards the aim
of optimizing its transmission rate RP (α, β, S) (measured in
bits/symbol or equivalently bits/s/Hz). To start with, in the
baseline case where the fraction of time leased to S is α = 0,
we set the primary transmission rate to RP (0, β, S) = Rdir ,
where Rdir is the rate on the direct link between PT and PR:


2
|hP | PP
Rdir = log2 1 +
.
(1)
N0
Instead, if the fraction of time leased to the subset S of k
active secondary users is α > 0, we assume the use of a
collaborative scheme based on decode-and-forward multihop
and space-time coding, for which the achievable primary rate
reads3 [11] [18]
Rcoop (α, β, S) = min{(1 − α) RPS (S), αβRSP (α, β, S)},
(2)
as detailed below. The cooperative rate (2) (valid for α >
0) is the minimum between two terms. The first term is the
rate achievable in the first subslot (Fig. 1-(a)) between the
primary transmitter PT and all the secondary transmitters in
the subset S. Recalling that secondary nodes cannot cooperate
among themselves for detection, this rate is easily shown to be
2
dominated by the worst channel |hPS,i | in the subset i ∈ S
as


2
mini∈S |hPS,i | PP
.
(3)
RPS (S) = log2 1 +
N0
Notice that the factor (1 − α) in the first term of (2) is due
to the fraction of time occupied by the first slot. The second
term in (2) is the achievable rate αβRSP (α, β, S) between the
3 Notice that larger achievable rates could be achieved by more sophisticated
coding/ decoding schemes, e.g., coding by rate splitting (partial decoding) and
decoding at the destination based on the signal received in both slots (instead
of multihop) [18]. Here we focus on simple decode-and-forward multihop only
for simplicity of presentation in order not to introduce inessential analytical
complications. Moreover, it is noted that using other decode-and-forward or
compress-and-forward [18] cooperative schemes would lead to the same main
qualitative conclusions with the apparent caveat that using a better (resp.
worse) cooperative transmission strategy would entail more (resp. less) time
leased to the secondary network. Finally, it should be remarked that amplifyand-forward schemes do not provide the necessary flexibility in slot allocation
needed in our scenario since they require equal-time transmission slots.
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k secondary nodes in S and the primary receiver PR assuming
DSTC cooperation (Fig. 1-(b)) [11]


 |hSP,i |2 P̂i (α, β, S)
RSP (α, β, S) = log2 1 +
. (4)
N0
i∈S

We remark that the rate (4) is obtained following the ideal
information-theoretic assumption of employing orthogonal
Space-Time Codes (STCs) that are able to harness the maximum degree of diversity from cooperation (see Sec. IV for
a more practical approach)4. Moreover, the cooperation rate
(4) depends on the powers P̂i (α, β, S) autonomously selected
by the secondary transmitters, as the outcome (NE) of the
non-cooperative power control game played by the secondary
terminals in the third subslot (Fig. 1-(c)).
To summarize, from (1) and (2), the primary transmission
rate RP (α, β, S) is given by

Rdir
for α = 0
.
(5)
RP (α, β, S) =
Rcoop (α, β, S) for α > 0
and the primary link aims at solving the following rateoptimization problem:
max RP (α, β, S)

α,β,S

s.t. S ⊆ Stot , 0 ≤ α, β ≤ 1

[19]. In particular, the rate achievable on the link between STi
and SRi is α(1 − β)Ri (Pi , P−i ) with


2
|hS,ii | Pi
,
Ri (Pi , P−i ) = log2 1 +
k
2
N0 + j=1j=i |hS,ij | Pj
(7)
where vector P−i contains all the elements in P except the ith
(i.e., it denotes the set of other players’ strategies). Moreover,
the cost for transmitted energy is c · αPi (recall that α is
the overall fraction of time where the active secondary nodes
are transmitting), with c being the cost per unit transmission
energy5. Noticing that α is a common multiplier for both rate
and energy cost and thus immaterial for the optimization of
the utility, the utility function equivalently reads
ui (Pi , P−i ) = (1 − β)Ri (Pi , P−i ) − c · Pi ,

(8)

which depends on S and β, but is independent of α. We can
conclude that the NE P̂ depends only on S and β and so
does the rate RSP in (4): this will be made clear by using the
notation P̂(β, S) for NE and RSP (β, S) for (4).
C. Analysis

.

(6)

Notice that the integer constraints on the number of symbols in each subslot can be neglected at this point given
the assumption NS → ∞ (see Sec. IV for analysis of a
scenario with finite NS ). The optimization problem (6) can
be interpreted as a Stackelberg game [12]: The primary link
is the Stackelberg leader, that optimizes its strategy (α, β, S)
in order to maximize its revenue according to (6), being
aware that its decision will affect the strategy selected by the
Stackelberg follower (the secondary ad hoc network), namely
the set of transmitting powers P̂ (α, β, S).
B. Ad hoc secondary network
Any active secondary terminal STi , with i = 1, ..., k, in
the subset S attempts to maximize the rate towards its own
receiver SRi discounted by the overall cost of transmission
power (as explained below), being aware of the parameters
α, β and S selected by the primary and acting in a rational
and selfish way (see, e.g., [12] for rigorous definitions of
these terms). In particular, each secondary transmitter STi with
i ∈ S chooses its transmitting power Pi according to the NE
P̂i (α, β, S) (we will show that it exists and is unique) of
the non-cooperative power control game S, P, ui (Pi, P−i ),
defined as follows. Let the set of allowed (power) strategies P
be P = {P =[Pi ]i∈S : 0 ≤ Pi ≤ Pmax } , the utility function
ui (Pi, P−i ) of the ith secondary node (player) in the subset S
is defined as the difference between the achievable transmission rate and the cost of transmitted energy, similarly to, e.g.,
4 We also recall that achieving rate (4) requires time synchronization at
the symbol level among the secondary nodes, but does not require carrier
synchronization (this is consistent with our assumption of lack of transmit
CSI at the secondary nodes).

In this section, we provide some insight into the performance of cooperation-based spectrum leasing under the
assumption of instantaneous CSI through analysis of the
Stackelberg game at hand. In particular, we are interested in
determining the conditions under which it is advantageous for
the primary to lease the bandwidth for a fraction of time α > 0
to the secondary ad hoc network. We consider at first the
non-cooperative power control game discussed in the previous
section. It is well known that a NE is a fixed point of the best
responses of all the nodes in S [12]. The best response of each
user is obtained by writing the KKT conditions corresponding
to the problem of maximizing the utility (8) with the respect
to power Pi under the constraint 0 ≤ Pi ≤ Pmax [13].
Proposition 1: The power control game S, P, ui (Pi, P−i )
has always a NE. Moreover, a necessary condition for the NE
to be unique is
 |hS,ij |2
(9)
2 < 1.
j∈S, j=i |hS,ii |
Proof: It amounts to proving that the system of KKT
conditions mentioned above has a unique solution, see [13]
or [14].
The condition (9) for uniqueness of the NE is intuitive since
it simply imposes an upper bound on the interference: in fact,
with negligible interference, transmissions on different links
STi -SRi are uncoupled and the optimization of each utility (8)
versus power Pi has a unique solution due to strict concavity.
We now turn to the performance of the overall Stackelberg
game.
Proposition 2: The optimal fraction of time α̂ leased for
secondary transmission and cooperation is strictly positive if
5 Referring to the discussion in Sec. II-B, constant c can also account for the
cost of the power spent for cooperation in case the latter is a linear function
of the power used for secondary transmission.
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and only if there exists a subset of secondary nodes S ⊆ Stot
such that the following condition is satisfied
β̂RSP (β̂, S) + RPS (S)

> Rdir

(10)

β∈[0,1]

Moreover, conditioned on (10) (i.e., on α̂ > 0), the optimal
fraction α̂ for a given subset S reads
1
1+

β̂RSP (β̂,S)
RPS (S)

.

Ŝ PS

1.4
1.3

SPS (2)

1.2

S PS (3)

SPS (1)

S PS (4)

1.1

SPS (5)

1

(12)

Proof : See Appendix-A.
The condition (10) provided by Proposition 2 simply states
that cooperation is beneficial, and thus α̂ > 0, if there exists
a subset of secondary transmitters such that the cooperative
primary rate Rcoop (2) is larger than the direct rate Rdir .
In fact, the left-hand side in (10) is the cooperative primary
rate Rcoop (α̂coop , β̂, S) (2) with optimized α̂coop (12) (see
Appendix-A for details). This result can be summarized as
follows: for any subset S, the optimal primary rate is

Rcoop (α̂coop , β̂, S) if (10) is satisfied
.
RP (α̂, β̂, S) =
Rdir
otherwise
(13)
Optimization (6) then requires in principle to consider all the
2K subsets S ⊆ Stot for evaluation of (13). However, we will
see in Sec. III-D that near-optimal results can be obtained with
linear complexity in K. It is also noted that optimizing over
β according to (11) requires a one-dimensional search (the
problem is in general non-convex). Furthermore, from (12), it
is interesting to notice that the optimal α̂, in case cooperation
is employed (i.e., α̂coop ), is chosen so as to avoid performance
bottlenecks: it decreases (more time to primary transmission)
if the channels from primary to secondary transmitters are
the limiting factor (i.e., for increasing β̂RSP (β̂, k)/RPS (S),
while it increases (more time to secondary transmission) if
the cooperative rate limits the overall performance (i.e., for
decreasing β̂RSP (β̂, k)/RPS (S)).
D. Numerical examples
In this section, we consider a simple geometrical model
where the set of secondary nodes are all placed at approximately the same normalized distance 0 < d < 1 from the
primary transmitter PT and 1 − d from the primary receiver
PR6 . Consequently, considering a path loss model (shadowing
is not modelled), the average power gains of the channels read:
gP = 1, gPS,i = 1/dη , and gSP,i = 1/(1−d)η , where η = 2 is
the path loss coefficient. Moreover, in order to further reduce
the number of system parameters and get better insight into
the overall performance, we set gS,ij = g̃S = 1 and gS,ii = gS
for i, j = 1, ..., K and i = j. The primary power and the
6 This

Ŝ

1.5

where the optimal β̂ is the solution of the optimization
problem
β̂ = arg max βRSP (β, S) .
(11)

α̂coop =

1.6

Average Achievable Rate, RP

β̂RSP (β̂, S) · RPS (S)
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assumption is mainly made in order to reduce the number of model
parameters. Moreover, it should be noticed that the only secondary nodes that
are eligible to be selected by the primary user are the ones that can enhance
the primary throughput, which requires them to be located in between primary
transmitter and primary receiver.

0.9
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Fig. 2. Primary rate RP (α̂, β̂, SP S (k)) (5), averaged over fading, versus
the normalized distance d, for given subsets of secondary users SP S (k), that
contain the secondary users with the k best power gains from the primary
b
user. Also shown is the comparison between the optimal rate RP (α̂, β̂, S)
and the rate RP (α̂, β̂, SbP S ) obtained by restricting the search to subsets
SP S (k) (PP = Pmax = 1, SN R = 0dB, K = 5, gS = 10dB).

maximum secondary transmission power are PP = Pmax = 1,
the signal-to-noise ratio (SNR) is SN R = PP /N0 = 0dB, the
cost per unit energy is c = 0.1 and, unless explicitly stated
otherwise, the number of secondary transmitters is K = 5 and
gS = 10dB.
In keeping with the description of the optimization procedure given in the previous section, Fig. 2 shows the optimal
primary rate RP (α̂, β̂, S) (13), averaged via Monte Carlo
simulations over the Rayleigh fading realizations, for given
subsets of secondary users S and versus the normalized
distance d. In particular, for reasons that will become apparent
below, we focus on subsets SP S (k) ⊆ S which contain the
secondary users STi with the k largest channel gains |hPS,i |2
from the primary transmitter (for each fading realization). It
can be seen that for a secondary network placed at small
distances it is better to activate (and thus cooperate with) a
large number of secondary users given the large channel power
gain from source to secondary network. Conversely, for large
distances it is more convenient to cooperate only with the
secondary users with the best instantaneous channel |hPS,i |2 ,
exploiting multiuser diversity. The figure also compares the
 achieved via exhaustive
optimal primary rate RP (α̂, β̂, S)
K
search over the 2 subsets S and the rate obtained by restricting the search only to the K subsets SP S (k) with k = 1, ..., K.
As it is clear, the reduction in order of complexity from 2K
to K entails almost no performance degradation7.
Fig. 3 shows the optimal parameters α̂ and β̂, averaged over
fading distribution, versus the normalized distance d for the
same setting as in Fig. 2. As it can be seen, the optimal value
α̂ tends to decrease with distance d since, with increasing
7 It is also interesting to remark that, by focusing only on subsets of users of
the class SP S (k) (with k = 1, ..., K), the protocol can be simplified in that
notification of the selected secondary nodes SP S (k) can be made implicitly
without exploiting control channels by simply selecting the transmission rate:
only secondary nodes that are able to decode are to be considered as active
(notice that this requires all the secondary nodes to attempt decoding).
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Fig. 3. Optimal value of parameters α and β, averaged over fading, versus
the normalized distance d (PP = Pmax = 1, SN R = 0dB, K = 5,
gS = 10dB).

Fig. 5. Secondary rate α(1 − β)Ri (7), averaged over fading, versus the
normalized distance d, in a symmetric scenario with different channel power
gains gS between secondary transmitter-receiver pairs (gS = 5, 10, 15, 20dB,
g̃S = 0dB, PP = Pmax = 1, SN R = 0dB, K = 5).

Average Achievable Rate, Rcoop

1.4
1.2

α = 3/8

α = 1/ 2
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Finally, the average rate achieved by the (activated) secondary user, α(1 − β)Ri , where Ri is given by (7), is
shown in Fig. 5 as a function of the normalized distance d
and the channel gain gS . Since a larger distance entails a
smaller optimal leased time α (see Fig. 3), the secondary rate
decreases as the distance increases. Moreover, with increasing
channel gain power gS between secondary transmitter-receiver
pairs (which entails better signal-to-interference ratios), as
expected, the secondary nodes are able to achieve larger rates.
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Fig. 4. Primary cooperative rate Rcoop (α, β, S)
versus the normalized distance d, for α ranging from 1/8 to 7/8, and β =
0.8. Dashed line refers to the rate achievable through direct transmission Rdir
(PP = Pmax = 1, SN R = 0dB, K = 5, gS = 10dB).

d, activation of secondary nodes becomes more demanding
(i.e., it requires more time), leaving less time for secondary
transmission. This is in accordance to the discussion in the
Sec. III-C around equation (12) (notice in fact that in this
example α̂ = α̂coop since α̂ > 0). Moreover, it is seen that less
interference between secondary channels (i.e., an increasing
gS ) implies that the secondary nodes need to spend less power
in order to optimize their utility (8), and therefore are willing
to use less power for cooperation, which leads to smaller
leased times α (and larger β).
In order to get further insight into the system behavior, Fig.
 (2), averaged over
4 shows the cooperative rate Rcoop (α, β, S)
different fading realizations, versus the normalized distance d,
for α ranging from 1/8 to 7/8, with β = 0.8 and optimized
S. The rate on the direct link between PT and PR (1), Rdir , is
also shown as a reference. As discussed above, as the distance
d increases, the optimal α̂ decreases.

IV. C OOPERATION - BASED SPECTRUM LEASING WITH
LONG - TERM CSI AND RANDOMIZED DSTC
In this section, we remove the assumptions of instantaneous
CSI and ideal (information-theoretic) transmission schemes
with block length NS → ∞ used in the first part of the
paper. The unavailability of instantaneous CSI has several
implications that motivate the system model considered in this
section: (i) for any fixed transmission scheme (modulation and
code) with rate R̄P selected by the primary, there exist a nonzero probability of outage Pout due to possible (and unknown)
adverse fading conditions; (ii) System optimization can only
be based on probabilistic measures: for instance, the primary is
not able to choose the subset S of secondary transmitters that
decode and relay its message for a given channel realization,
since secondary decoding is only guaranteed up to a given
probability. This latter point makes the use of randomized
DSTC techniques especially suitable for the considered application, as explained below.
In presence of instantaneous CSI, the primary directly
informs each secondary transmitter belonging to the subset
S of selected nodes about the space-time codeword to be
transmitted in the second slot (recall Fig. 1). On the contrary,
with long-term CSI, the set of secondary transmitters able to
decode the primary message is a random quantity, and thus the
choice of a space-time codebook and of the specific codeword
to be transmitted by each node in S cannot be done by the
primary. Therefore, randomized DSTC is a viable solution
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TABLE I
E XAMPLES OF A SET C OF ORTHOGNAL SPACE - TIME CODES WITH
DIFFERENT SPATIAL DIMENSION L, TEMPORAL DIMENSION q AND RATE
RST [22].
code
C1
C2
C3
C4
C5
C6

q
2
4
8
15
30
56

L
2
3
3,4
5
5,6
7

RST C
1
3/4
3/4
2/3
2/3
5/8

[17]. Randomized DSTC prescribes that each active secondary
node selects randomly and independently a codeword within
a given orthogonal space-time codebook Ci . An orthogonal
space-time codebook Ci is characterized by a number of
codewords Li (spatial dimension), number of symbols qi
(temporal dimension) and rate RSTC,i ≤ 1 (in information
symbols per transmitted symbol). Therefore, the primary link
only needs to inform the secondary nodes about the codebook
Ci ∈C to be employed within a given set C of pre-defined
options. An example of codebook set C is shown in Table I.
We remark that this information needs to be communicated to
all the secondary nodes only when the statistics of the channels
have sufficiently changed, which is expected to happen after
a large number of transmission slots.
In the rest of this section, we first discuss the Stackelberg
model of interaction between the primary link (leader) and
competitive secondary network (follower) in Sec. IV-A and
Sec. IV-B, then numerical results are presented in Sec. IV-C
in order to corroborate the analysis.

A. Primary link
The primary link wishes to transmit at a given target
rate R̄P with a required bit error probability (BER). If the
instantaneous channel fading conditions are such that the
requirement on the BER is not satisfied, an outage is declared.
The goal of the primary link is to minimize the probability of
outage Pout (α, β, Ci ) for fixed R̄P and BER with respect to
α, β and the space-time codebook Ci ∈C (recall the example
in Table I). Notice that the durations of different subslots
are constrained to be integer numbers, so that the number of
symbols αβNS in the second slot and the temporal dimension
qi of the codebook Ci needs to be related so that αβNS is an
integer multiple of qi .
If α > 0, according to the employed multihop protocol, the
primary destination decodes based on the signal received from
the secondary network in the second slot (Fig. 1). Given the
transmission scheme (herein considered as fixed), there exists
a minimum SNR, γ th (R), that guarantees the desired BER
for a given transmission rate R. This minimum SNR γ th (R)
can be in general written as γ th (R) = (2R − 1)/ΓP , where
parameter ΓP is dependent on the transmission scheme and
the target BER of the primary and is usually referred to as
the gap parameter [20]. The outage probability Pout (α, β, Ci )
is then the probability that the SNR on the cooperative link,
here denoted as γ SP (S, β, Ci ) (see Appendix-B for further
discussion), experiences an instantaneous SNR smaller than
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the desired threshold. This can be written as:

pPS (S, α) · Pout,SP (S, α, β, Ci ),
Pout (α, β, Ci ) =
S⊆Stot

(14)
where pPS (S, α) is the probability that the secondary nodes
in S are able to decode the primary transmission in the first
slot and


R̄P
Pout,SP (S, α, β, Ci ) = Pr γ SP (S, β, Ci ) < γ th
αβRSTC,i
(15)
is the outage probability of the randomized DSTC in the
second slot when nodes in S are active and the orthogonal
STC Ci is used. Notice that transmission rate in the second
slot is R̄P /(RSTC,i · αβ) accounts for the duration of the
second slot and the reduced rate RSTC,i ≤ 1 of orthogonal
STCs to attain an overall transmission rate R̄P . Moreover,
as detailed in Sec. IV-B, the SNR γ SP (S, β, Ci ) depends
on the power selected by the secondary nodes, that is the
outcome of a non-cooperative power game based on long-term
CSI. Finally, if the leased time is α = 0, we set the outage
probability to Pout (0, β, Ci ) = Pout,dir, where Pout,dir is the
outage probability on the direct primary channel: Pout,dir =
2
Pr[PP |hP | < γ th (R̄P )] = [1 − exp(−γ th R̄P /(PP · gP ))].
Calculation of Pout,SP (S, α, β, Ci ) is discussed in
Appendix-B based on the analysis in [21]. Furthermore, in
order to simplify the evaluation of probabilities pPS (S, α),
here we assume that the average channel power gains
from the primary transmitter to the secondary nodes have
negligible differences (e.g., assuming a path loss model,
the secondary terminals have essentially the same distance
from the primary as in Sec. III-D) so that we can set
gPS,j = gPS for j = 1, ..., K, and pPS (S, α) is easily
shown to become a binomial probability mass function
with parameters k (number of nodes) and probability
q(α) = exp(−γ th R̄P /(1 − α) /(PP · gPS )).
To summarize, the primary link aims at solving the following optimization problem:
min Pout (α, β, Ci )

α,β,C
i

s.t.

Ci ∈ C, 0 ≤ α, β ≤ 1,
αNS , αβNS , αβNS /qi ∈ N

,

(16)

where the outage probability of the primary link,
Pout (α, β, Ci ), is

Pout,dir
for α = 0
Pout (α, β, Ci ) =
,
Pout,SP (S, α, β, Ci ) for α > 0
(17)
and N is the set of integers. The same interpretation in terms
of Stackelberg games can be given as in Sec. III-A. Moreover,
if the considered block length NS is limited, optimization (16)
can be reasonably dealt with through an exhaustive search
over the optimization domain and without the aid of any
sophisticated numerical algorithm. In fact, notice that: (i)
the maximum number of STC orthogonal designs is strictly
upper bounded by K; (ii) by considering the conditions αNS ,
αβNS ∈ N , one can show that the cardinality of the set of
feasible α and β is upper bounded by NS (NS − 1)/2 (the
third condition αβNS /qi can only reduce the feasible set). It
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Fig. 6. Primary outage probability (14) versus the normalized distance d, for
α ranging from 1/8 to 7/8, with β = 0.8 and orthogonal space-time code
C3 from table I (K = 10 and PP = Pmax = 2, SN R = 3dB). Dashed
line refers to the outage probabilty for direct transmission Pout,dir .

follows that the number of alternative solutions to be checked
is strictly upper bounded by KNS (NS − 1)/2.
B. Ad hoc secondary network
As in Sec. III, the power selected by the secondary users in
the activated subset S is the outcome of a non-cooperative
power game. However, under the assumption of long-term
CSI, the model considered in Sec. III-B is no longer applicable. Here we focus on a scenario where nodes in the
secondary networks are assumed to be within short-range
transmission with each other so that channels hS,ij contain
a predominant line-of-sight component and |hS,ij |2 = gS,ij .
In this case, the game presented in Sec. III-B can be still
applied even with long-term CSI since the utility (8) only
depends on the deterministic channel gains gS,ij , that can
be easily estimated by the secondary nodes. Notice that in
order to consider practical modulation schemes, the secondary
rate (7) needs to be modified by including the gap parameter
ΓS that depends on the transmission mode of secondary
2
transmitters as Ri (Pi , P−i ) = log2 (1 + ΓS |hS,ii | Pi /(N0 +
k
2
j=1j=i |hS,ij | Pj )). We refer to this condition as disk model
in order to emphasize that the secondary terminals are within
direct transmission range from one another. An alternative
model suitable for a scenario with fading attenuations in the
secondary network can prescribe utility functions that depend
on the secondary outage probability, see, e.g., [15].

parameters are selected as PP = Pmax (where not explicitly
stated), N0 = 1, R̄P = 0.3, number of symbols per slot NS =
80 and energy cost c = 0.1. The gap parameters ΓP and ΓS
read ΓP = ΓS = −1.5/ log(5 · b) [20], where b = 10−3 is the
required BER.
Fig. 6 shows the primary outage probability Pout (14)
versus the normalized distance d, for different values of α,
with β = 0.8, STC C3 in Table I, SN R = PP /N0 = 3dB and
K = 10 secondary nodes. The outage probability for direct
transmission Pout,dir (dashed line) is also shown as references.
It can be seen that significant outage improvements with
respect to direct transmission can be achieved by appropriately
choosing α, and that the optimal fraction of leased time α
tends to decrease for increasing distance d. It is interesting
to notice that this is the same behavior as in the case of
instantaneous CSI depicted in fig. 4.
The primary outage probability is then shown in Fig. 7
for optimized system parameters α, β and Ci according
to (16) versus the normalized distance d. Different values
of the number of nodes in the secondary network K are
considered, PP = Pmax (thus SN R = 3dB) on the left and
PP = 2Pmax (thus SN R = 6dB) on the right. For each
curve, dashed lines specify boundaries of the areas where
the same complex orthogonal design Ci is used. First-order
discontinuities in the boundary regions are due to the different
diversity orders provided by different STCs. In particular, for
decreasing distance d (secondary network approaching the
primary transmitter) the number of decoding nodes k increases
and codebooks with larger number of codewords L (and thus
larger diversity) can be selected. Moreover, for a fixed code
Ci , the outage probability at first decreases with decreasing
d due to the larger number of decoding secondary nodes,
but eventually increases when too many nodes are active and
tend to select the same codeword with large probability (see
[17] [21]). As a final remark, notice that when the SNR and
the number of users K are large enough (SN R = 6dB and
K > 13), the minimum outage is achieved when the secondary
network is closer to the receiver since with large primary
power secondary users are easily activated.
To give further insight into the optimal choice of parameters
α and β, here we provide a numerical example referred to the
setting of Fig. 7. For K = 10, when the secondary nodes are
close to the primary (d = 0.3), the optimal leased time is
large (α̂ 3/4 and β̂
3/4), whereas when the secondary
nodes are far from the primary (d = 0.7), the optimum leased
time is smaller (α̂
2/5, and β̂
3/4). As noted above,
this is the same qualitative behavior that hold in the case of
instantaneous CSI, as it can be seen from fig. 3.
V. C ONCLUDING REMARKS

C. Numerical examples
Here we discuss some numerical results so as to provide
insight into the advantages of spectrum leasing via cooperation
in presence of long-term CSI. We employ the same geometrybased model used in Sec. III-D and assume the disk model
for the secondary network (see Sec. IV-B). Moreover, where
not stated otherwise, we set the power gains in the secondary
network to g̃S = |hS,ij |2 = 1 and gS = |hS,ii |2 = 20dB. Other

In this paper, we have proposed and investigated a solution
for spectrum leasing based on the idea that secondary nodes
can earn spectrum access in exchange for cooperation with
the primary link. The analysis is meant to shed light on
possible approaches for the implementation of the property
rights model of cognitive radio based on the current wireless
technology. The basic premise of the proposal is indeed that
spectrum leasing may take place not necessarily on the basis
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maximization is achieved when the two terms are equal:
(1 − α̂coop ) RPS (S) = α̂coop β̂RSP (β̂, S). This condition
results in (12). Finally, plugging the optimal α̂coop (12) in
Rcoop (α̂coop , β̂, S), we get that the maximum primary rate
achievable with cooperation reads
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B. Appendix-B: Evaluation of Pout,SP (S, α, β, Ci ) in (15)
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from which condition (10) easily follows.
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Fig. 7. Primary outage probability with optimal α, β and Ci ∈ C in table
I according to the optimization problem (16) versus the normalized distance
d for K = 7, 10, 13, 16 secondary nodes, PP = Pmax (SN R = 3dB on
the top) and PP = 2Pmax (SN R = 6dB on the bottom).

of fees or charges, but also in return for an improved qualityof-service of the incumbent primary users via cooperation
with secondary terminals. By casting the problem in the
framework of Stackelberg games, we have provided analytical
and numerical results that have confirmed the considered
model as a promising paradigm for cognitive radio networks.

Given a codebook Ci and a subset of S of active secondary
transmitters, the performance of the DSTC scheme depend
essentially on the probability that more terminals select the
same space-time codeword matrix row, thus yielding a loss
of diversity. In order to simplify the analysis, here we focus
on the disk model and assume that the secondary network is
symmetric, i.e., the channels satisfy the conditions |hS,ii |2 =
gS and |hS,ij |2 = g̃S for i, j = 1, ..., K and i = j. Under this
assumptions, one can show that, by symmetry, the NE of the
power game within the secondary networks is characterized by
equal powers P̂i (β, S), which can be calculated as P̂ (β, S) =
max
[((1 − β)gS /c − N0 )(1/(gS − g̃S + kg̃S ))]P
and depends
0
only on the cardinality k of S (see discussion in Sec. III-B).
Assuming the further condition that the average channel gains
from secondary nodes to primary receiver are equal (as in the
geometric model considered in Sec. III-D and Sec. IV-C), we
have gSP,i = gSP for i = 1, ..., K and the outage performance
of the randomized DSTC with given spatial dimension L and
temporal dimension q = αβNS ≥ L can be obtained from
[21]. In particular, reference [21] derives the equivalent SNR
γ SP (S, β, Ci ) on the cooperative link and shows that in the
high SNR regime (P̂ · gSP >> N0 ) the probability of outage
reads

 ⎞2−1/k Leff
⎛
R̄P
1 ⎝ γ th αβRSTC,i ⎠
Pout,SP (S, α, β, Ci )
Leﬀ !
ρ̄

ρ̄
· 1+
ρ̄t

2−1/k Leff −1

(19)

where Leﬀ = min {k, Li } is the maximum diversity of the
code and ρ̄ = k P̂ (β, k)gSP /(Leﬀ N0) is the average
SNR over

k−1/(Leff −1)
R̄P
each diversity branch and ρ̄t = γ th RSTC ·αβ Leﬀ
.
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