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Communication-Aware Position Control for Mobile
Nodes in Vehicular Networks

Hee-Tae Roh and Jang-Won Lee

Abstract—In this paper, we study a communication-aware po-
sition control problem for mobile nodes in vehicular networks, in
which the positions of some nodes can be controlled considering
the network performance. We model the average achievable
data rate of a link between two nodes as a function of the
distance between the two nodes, i.e., as a function of positions
of the two nodes. We then try to find the positions of some
nodes whose positions can be controlled so as to maximize the
minimum weighted average data rate among those of all links
in the network. To tackle this problem, we take two approaches:
optimization and game theoretic approaches. In the optimization
theoretic approach, even though the optimization problem is for-
mulated as non-convex optimization, we can develop algorithms
for the optimal solution. However, since those algorithms are
centralized algorithms, which may not be applicable to some
cases such as vehicular ad-hoc networks (VANETs), we also use
the game theoretic approach to develop distributed algorithms. In
addition to developing algorithms, we also analyze and compare
the performances of our algorithms, showing that the game
theoretic approach could provide not only distributed algorithms
but also efficient algorithms in our problem.

Index Terms—Vehicular networks; Position control; Network
performance; Non-convex optimization; Game theory.

I. INTRODUCTION

THE MOBILITY of nodes is one of the unique character-
istics of wireless networks such as vehicular networks,

cellular networks, and ad-hoc networks. Since there is no
physically connected link between nodes, a node can change
its position, while still maintaining links with its neighbor
nodes. However, since the path gain of a link depends on the
distance between its transmitter and receiver, the mobility of
nodes greatly affects the performance of the wireless network.
Especially, in vehicular networks, communication modules
are installed in moving vehicles or mobile robots. Hence, in
general, nodes in vehicular networks have high mobility and
efficient mobility control and management are important in
vehicular networks.
Traditionally, in conventional wireless networks such as

cellular and ad-hoc networks, mobility is treated as a (ran-
dom) perturbation to the network that cannot be controlled.
Hence, many network protocols that deal with mobility focus
on preventing the mobility of nodes from deteriorating the
network performance.
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As in conventional wireless networks, many researches in
vehicular networks assumed that the mobility of nodes is not
controllable from the point of the network protocol, and thus
most network protocols are developed to resolve problems
due to the mobility of nodes [1], [2], [3]. However, unlike
conventional wireless networks, the mobility of nodes can
be controlled relatively easily at the operator’s own will in
vehicular networks. For this reason, mobility control has also
been one of the important issues in vehicular networks. How-
ever, thus far, most researches on mobility control in vehicular
networks have focused on the mobility control according to
vehicular applications [3], such as collision avoidance between
vehicles and platooning maneuvers, without considering its
impact on the network performance. However, as mentioned
before, the mobility of nodes greatly affects the network
performance, such as throughput, fairness, and so on, in
wireless networks. Hence, when we control the mobility of
nodes in vehicular networks, it is important to consider not
only its impact on the applications but also its impact on the
network performance, which is the main motivation of this
paper.

There are many different applications of vehicular networks
[3]. Among them, we consider an application where nodes (i.e,
vehicles) are organized into a group and have a common mis-
sion (e.g., moving toward the same destination with sensing
events or military operation). During performing the mission,
all nodes have to exchange some information with each other,
such as traffic condition, accident situation, and sensing data,
and thus improving the network performance is important to
exchange data with low delay and low loss rate. From the
point of the network performance, we classify nodes into two
classes. Some nodes in the network play an important role in
performing their mission, and thus their mobility should be
controlled only based on its mission. Hence, their mobility
cannot be controlled to improve the network performance
and we call them “nodes with uncontrollable mobility” from
the point of the network performance. On the other hand,
some nodes in the network play relatively less important role
to perform their mission and their positions can be freely
changed to some degree. In this case, we can control the
positions of those nodes to improve the network performance,
while satisfying constraints on their positions, and we call
them “nodes with controllable mobility” from the point of the
network performance.

In this paper, we study the problem that determines the
optimal positions of nodes with controllable mobility adapting
to the movement of nodes with uncontrollable mobility in
order to maximize the network performance. We may define
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Fig. 1. Vehicular network.

the network performance by using various criteria such as
efficiency and fairness. In this paper, we define it as the
average data rate of the bottleneck link in the network. Hence,
we try to maximize the average data rate of a link whose
average data rate is the minimum among those of all links. As
we will show later, our criterion for the network performance
also provides an effect to improve the degree of fairness among
links. In addition, to accommodate differences among links,
such as traffic level and importance, we introduce the weight
factor to each link, which has a similar role to the weight
factor in the weighted max-min fairness. In conclusion, in
this paper, we define the network performance as the weighted
average data rate of the bottleneck link and we try to maximize
it by controlling the position of each node with controllable
mobility.
We study our problem considering a linear vehicular net-

work, as in Fig. 1, in which mobile nodes are aligned on
a straight line and move toward the same direction. This
linear network corresponds to the situation that vehicles move
along a highway. Some of nodes have uncontrollable mobility,
while some of them have controllable mobility. We model the
average data rate of each link as a function of the distance
between its two end nodes. To solve the problem, we take
two approaches: optimization and game theoretic approaches.
In the optimization theoretic approach, we find the global

optimal position of each node with controllable mobility ac-
cording to the positions of nodes with uncontrollable mobility.
Since the capacity of a link is formulated as a non-concave
function of positions of its two end nodes, the problem is
in fact formulated as a non-convex optimization problem,
which is in general difficult to solve. However, even though
the problem is non-convex, we can develop algorithms that
provide the optimal solution of the problem based on the
duality theories.
With the optimization theoretic approach, we develop cen-

tralized algorithms that require information on the entire
network. However, in practice, it may not be feasible to
perform a centralized algorithm in some cases such as the
vehicular ad-hoc network (VANET). Hence, we also develop
distributed algorithms based on the game theory. We formulate
the positioning game in which each node finds its position in a
distributed manner with only local information on its neighbor
nodes. We show that there exists a Nash equilibrium in the
positioning game. We also provide an algorithm that converges
to the Nash equilibrium.
Our contributions are summarized as follows:

• Unlike previous researches on position control of nodes
in vehicular networks, which try to obtain the positions
of nodes considering applications, in this paper, we study
the position control problem in which the position of each
node is determined considering the network performance.

• We provide analytic models and algorithms for the
position control problem with optimization and game
theoretic frameworks.

• We analyze and compare the performances of various
algorithms.

This paper is organized as follows. We present some related
work in Section II. In Section III, we introduce our system
model and problem. We provide algorithms from the opti-
mization theoretic approach and the game theoretic approach
in Sections IV and V, respectively. We provide the numerical
results in Section VI and conclude in Section VII.

II. RELATED WORK

As mentioned in the previous section, most researches on
position control problems in vehicular networks deal with
position control considering only vehicular applications and
communication between vehicles is used as a tool to exchange
information for position control [3]. In [4], the inter-vehicle
communication is used to prevent the rear-end collision acci-
dent between vehicles, which are moving in a string. In [5],
the authors address the problem of the platoon formation of
vehicles by using the hierarchical architecture for collaborative
driving in an autonomous collaborative driving system. In
[6], the authors propose a scheduling algorithm in order to
prevent the congestion and accident at blind crossings by
using the inter-vehicle communication. For more details, we
refer readers to [3] and references therein. Recently, gateway
placement problems according to the positions of access points
are studied in [7]. In this work, the impacts of the placement
of gateways on the network performance such as the number
of hops to the gateway and total power consumption are
considered.
In fact, recently, position control problems are extensively

studied in sensor and ad-hoc networks. In [8], [9], [10],
[11], problems for relay node placement considering power
consumption or network lifetime are studied. In those works,
the transmission power consumption is modeled as a function
of the distance between transmitter and receiver nodes. Based
on the model for the transmission power, the relay node
placement that aims at minimizing power consumption or
maximizing network lifetime is obtained.
In [12], [13], [14], problems that place the minimum

number of relay nodes are studied. In [12], the algorithm
that places the minimum number of relay nodes to ensure the
connectivity of sensor nodes and base stations is proposed.
In [13], joint relay node placement and channel assignment
problem in wireless mesh networks is studied. Assuming
that link capacities and traffic demands are fixed, joint relay
node placement and channel assignment, which minimizes
the number of required relay nodes while satisfying traffic
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demands, is obtained. In [14], considering cooperative trans-
missions, a heuristic algorithm for the relay node placement
that minimizes the number of required relay nodes is proposed.
In [15], [16], [17], problems that place relay nodes con-

sidering the throughput of the network are studied. In [15],
considering the probabilistic model for the positions of nodes,
an algorithm for the relay node placement that maximizes the
throughput of the network is proposed. In [16], [17], similar
models to our model are considered. In [16], joint relay node
placement and assignment problem is studied. Once the relay
node assignment is determined, the problem in [16] is reduced
to the problem to find the optimal position of a single relay
node while other nodes that communicate with the relay node
are assumed to be fixed. In [17], it is also assumed that only
one relay node is mobile and all other nodes that communicate
with the relay node are fixed. Hence, the problems in [16],
[17] aim at finding the optimal position of a single relay node
given a set of fixed nodes that communicate only with the
relay node, which is different from ours.

III. SYSTEM MODEL AND PROBLEM

We consider a vehicle network that consists of set N of
N mobile nodes that are aligned on a line and move toward
the same direction, as in Fig. 1. Nodes are divided into two
subsets, NF and NM . Nodes in set NF have uncontrollable
mobility and their positions cannot be controlled to improve
the network performance. Nodes in set NM have controllable
mobility and their positions can be controlled to improve the
network performance based on positions of nodes in set NF .
Since nodes are moving, the position of each node keeps

varying over time and it can be represented as a function of
time. However, in our problem below, since the link capacity
between two nodes is modeled as a function of the distance
between them, the absolute position of each node is not
important but its relative position to its neighbor nodes is
important. This implies that if all nodes are moving at the
same and constant speed, i.e., the reference speed, nodes are
relatively static with respect to other nodes, and thus we can
model the vehicle network as a virtually static network, in
which nodes are not moving. Hence, we model a node as
a static node, if it moves at the reference speed. A node
can change its position by increasing or decreasing its speed
from the reference speed. However, we assume that once it is
located at the desired position, it returns to the reference speed
to keep its position. In this paper, we consider a situation when
nodes with uncontrollable mobility return to the reference
speed after they changed their positions according to their
mission by changing their speed temporarily. This implies that
we can consider each node with uncontrollable mobility as a
static node with a fixed position.
With the above model, we can consider an equivalent linear

wireless network that consists of setN of N nodes (i.e., nodes
1, 2, · · · , N ) that are aligned on a line, as in Fig. 2. The set
of nodes are divided into two subsets, NF and NM . Nodes in
subset NF are static nodes whose positions are fixed. Nodes
in subset NM have controllable mobility, and thus we can
control their positions according to the positions of nodes in
subset NF .

Since we consider a one-dimensional linear network, the
position of node i is denoted by xi. Even though a node can
be mobile, we assume that its movement is constrained within
an interval, which is defined as

xmin
i ≤ xi ≤ xmax

i , ∀i ∈ N.

Without loss of generality, we can assume that

xmin
i = xmax

i , ∀i ∈ NF .

In addition, we assume that

xmax
i−1 < xmin

i , ∀i ∈ N,

i.e., nodes are ordered in an increasing order of their positions.
The values of xmin

i and xmax
i can be determined considering

various constraints such as the required safe distance between
adjacent nodes and the area within which each node should re-
main to accomplish its mission. The values of xmin

i and xmax
i

could affect the network performance. However, determining
them is out of scope in this paper. Hence, we assume that
the values of xmin

i and xmax
i are predetermined and do not

discuss its effect on the network performance in this paper.
Each node can communicate with only its neighbor nodes

and the neighbor node set of node i is defined as

NN(i) =

⎧⎨
⎩

{2}, if i = 1
{N − 1}, if i = N
{i − 1, i + 1}, otherwise

.

We assume that the path gain of a link from node i to its
neighbor node j depends on the distance between nodes i and
j as

Ki,jd
−α
i,j , ∀i ∈ N, ∀j ∈ NN (i),

where Ki,j is some constant that depends on transmitter and
receiver nodes i and j, di,j is the distance between nodes i
and j, and α is the pass gain exponent. By using the position
of each node, the distance between node i and its neighbor
node j is obtained as

di,j(xi, xj) = |xi − xj |
=

{
xi − xj , if j = i − 1
xj − xi, if j = i + 1 ,

∀i ∈ N, ∀j ∈ NN (i).

(1)

Each node i can transmit its data to its neighbor node j at
a rate given by the Shannon capacity according to the signal
to noise ratio (SNR) at node j. The SNR of a link from node
i to node j, γi,j , is obtained as

γi,j(xi, xj) =
Ki,jdi,j(xi, xj)−αPi

N0
,

∀i ∈ N, ∀j ∈ NN(i),
(2)

where Pi is the transmission power of node i and N0 is the
noise power level. Hence, the capacity of a link from node i
to its neighbor node j, Ci,j(xi, xj), is given as

Ci,j(xi, xj) = W log2 (1 + γi,j(xi, xj)) ,

∀i ∈ N, ∀j ∈ NN (i),
(3)

where W is the bandwidth of the system. In addition, we
assume that the underlying medium access control (MAC)
protocol is given (either by scheduling or random access)
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Fig. 2. Linear network.

such that the time fraction that node i can transmit its data to
its neighbor node j successfully is given by Ti,j . Hence, the
average data rate of a link from node i to its neighbor node
j, Ri,j(xi, xj), is obtained as

Ri,j(xi, xj) = Ti,jCi,j(xi, xj)
= Ti,jW log2(1 + γi,j(xi, xj)),

∀i ∈ N, ∀j ∈ NN (i).
(4)

For each link from node i to its neighbor node j, we define
its weighted average data rate as

RW
i,j(xi, xj) =

1
wi,j

Ri,j(xi, xj),

∀i ∈ N, ∀j ∈ NN(i),
(5)

where wi,j is the weight factor for a link from node i to node
j that determines its relative performance requirement against
other links. In other words, the higher the weight factor of a
link is, the higher its relative performance requirement is.
The objective of our problem is to find the position of each

node with controllable mobility in NM that maximizes the
minimum of weighted average data rates of all links in the
network. Hence, the problem is formulated as follows:

max
xi,∀i∈N

min
i∈N, j∈NN (i), i�∈NF ∨j �∈NF

RW
i,j(xi, xj)

subject to xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF ,

(6)

where x∗
i is the fixed position of node i in NF and A ∨ B

means A or B. In the above problem, (i �∈ NF ∨ j �∈ NF )
implies that we do not consider links whose two end nodes
are static when we solve the problem, since in such a case,
its capacity is fixed and uncontrollable.

IV. OPTIMIZATION THEORETIC APPROACH

In this section, we develop an algorithm for determining the
optimal position of each node in the network, i.e., an algorithm
that solves problem (6). Note that problem (6) is a non-convex
optimization problem, which is in general difficult to solve,
since its objective function is not a concave function. In fact,
a similar problem was considered in our previous work [17]. In
[17], a system in which the position of only a single relay node
can be controlled was considered assuming that the positions
of other nodes are fixed. Hence, the system considered in this
paper is more general than that in [17] in the sense that in the
system in this paper, multiple nodes have controllable mobility.
Hence, the mobility of one node affects the position of the
other node. However, we can solve problem (6) with a similar
approach in [17].

We first reformulate problem (6) by introducing a new
variable Z as

max
Z,xi,∀i∈N

Z

subject to RW
i,j(xi, xj) ≥ Z,

∀i ∈ N, ∀j ∈ NN (i), i �∈ NF ∨ j �∈ NF

xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF .

(7)

In addition, by using (1)-(5), problem (7) can be rewritten
as

max
Z,xi,∀i∈N

Z

subject to (xi − xj)2 ≤ Mij(Z),
∀i ∈ N, ∀j ∈ NN(i), i �∈ NF ∨ j �∈ NF

xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF ,

(8)

where Mij(Z) =
(

N0
Ki,jPi

(
2

wi,jZ

WTi,j − 1
))−2/α

.

We now define the feasible set of the above problem as a
function of Z as

Ω(Z) = {(xi), ∀i ∈ N | (xi − xj)2 ≤ Mij(Z),
∀i ∈ N, ∀j ∈ NN (i), i �∈ NF ∨ j �∈ NF ,

xmin
i ≤ xi ≤ xmax

i ,

∀i ∈ NM , xi = x∗
i , ∀i ∈ NF }.

In addition, we also define the following set

Λ = {(xi), ∀i ∈ N | xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM ,

xi = x∗
i , ∀i ∈ NF }.

Since Mi,j(Z) is strictly decreasing in Z , we can easily show
the following proposition.
Proposition 1: Feasible set Ω(Z) is decreasing in Z in the

sense that for fixed Z1 and Z2, Z1 ≥ Z2 if and only if
Ω(Z1) ⊂ Ω(Z2). In addition, for Z such that Ω(Z) �= ∅
and Ω(Z) �= Λ, Ω(Z) is strictly decreasing in Z in the sense
that for fixed Z1 and Z2 such that Ω(Z1) �= ∅, Ω(Z1) �= Λ,
Ω(Z2) �= ∅, and Ω(Z2) �= Λ, Z1 > Z2, if and only if
Ω(Z1) ⊂ Ω(Z2) and Ω(Z1) �= Ω(Z2).
Let us denote Z∗ and x∗

i , ∀i ∈ N be the optimal solutions
of problem (8). Without loss of generality, we can assume
that Ω(Z∗) �= Λ. By using the decreasing property of Ω(Z)
in Proposition 1, we can obtain the optimal Z∗ by solving the
following optimization problem:

max
Z

Z

subject to Ω(Z) �= ∅, (9)

and the problem can be solved by using a simple line search
algorithm such as the bisection algorithm, as in Table I.
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TABLE I
BISECTION ALGORITHM FOR OBTAINING OPTIMALZ∗ .

1: Let Z∗ = 0.
2: Find two points a and b such that Ω(a) �= ∅ and Ω(b) = ∅.

Then, obviously a < b.
3: Let ε be a small constant.
4: while (b − a > ε) {
5: Let Z = (a + b)/2.
6: Check whether Ω(Z) is an empty set or not.
7: If Ω(Z) �= ∅, then a = Z and Z∗ = Z .
8: Else if Ω(Z) = ∅, then b = Z .
9: } end

To obtain optimal Z∗, we should be able to check if feasible
set Ω(Z) is empty or not for given Z and it can be checked
by solving the following optimization problem with given Z
by using its dual problem.

max
xi,∀i∈N

0

subject to (xi − xj)2 ≤ Mij(Z),
∀i ∈ N, ∀j ∈ NN(i), i �∈ NF ∨ j �∈ NF

xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF .

(10)
Note that with fixed Z , the above problem is a convex
optimization problem. Hence, there is no duality gap between
the above problem and its dual problem.
We first define the Lagrangian function of problem (10) as

LZ(x, λ) = 0
+

∑
i∈N

∑
j∈NN (i), i�∈NF ∨j �∈NF

λij

(
Mij(Z) − (xi − xj)2

)
,

where x = (xi)i∈N and λ = (λij)i∈N, j∈NN (i), i�∈NF ∨j �∈NF
.

Then, the dual objective function and is defined as

DZ(λ) = max
xmin

i ≤ xi ≤ xmax
i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF

LZ(x, λ) (11)

and the dual problem is defined as

min
λ≥0

DZ(λ). (12)

We first consider the optimization problem in (11) with
fixed λ and obtain its solutions xi(λ), ∀i ∈ N. Since this
optimization problem is also a convex optimization, it can be
easily solved by using one of standard methods such as dual
approach, penalty approach, and KKT conditions.
We then solve dual problem (12) by using the gradient

projection algorithm as:

λ
(n+1)
ij =

[
λ

(n)
ij − a(n) ∂DZ(λ(n))

∂λij

]+

,

∀i ∈ N, ∀j ∈ NN(i),

(13)

where

∂DZ(λ(n))
∂λij

= Mij(Z) −
(
xi(λ(n)) − xj(λ(n))

)2

.

As n → ∞, λ(n) converges to the optimal solution λ∗ and
also dual objective value DZ(λ(n)) converges to the optimal
dual objective value D∗

Z .

TABLE II
ALGORITHM FOR CHECKING WHETHER Ω(Z) IS AN EMPTY SET OR NOT

FOR GIVEN Z .

1: Let m be a large constant.
2: Let n = 0.
3: Initialize λ(0) and x(λ(0)).
4: while (n < m) {
5: n = n + 1

6: Calculate λ(n) in (13).
7: Calculate x(λ(n)) by solving the optimization problem

in (11) with fixed λ(n).
8: If D(λ(n)) < 0 in (11), then Ω(Z) = ∅ and break.
9: } end
10: If D(λ(n)) ≥ 0 in (11), then Ω(Z) �= ∅.

Then, by the duality theorem to the convex optimization
[18], we have the following properties:

• If D∗
Z = 0, which is the optimal primal objective value,

then problem (10) has a non-empty feasible set;
• If D∗

Z = −∞, then problem (10) has an empty feasible
set.

In other words, by checking which value DZ(λ(n)) converges
to, we can check if problem (10) has an empty feasible set or
not. In addition, by the weak duality theorem, if problem (10)
has a non-empty feasible set,

0 ≤ D∗
Z ≤ DZ(λ(n)), ∀λ(n) ≥ 0.

Hence, DZ(λ(n)) < 0 for some iteration n, then problem (10)
has an empty feasible set. The pseudo-code of the algorithm
that checks whether Ω(Z) is a empty set or not for given Z
is provided in Table II.
After obtaining the optimal Z∗, the optimal positions of

nodes x∗ can be found by solving problem (10) with fixed
Z∗, which is a convex optimization problem. Thus far, we
have derived the algorithm that provides the global optimal
solution of (6). In the following, we will show that the global
optimal solution of (6) may not be unique. In addition, we will
develop an improved algorithm that selects a better solution
among solutions of (6).
Proposition 2: The optimal position of each node in (6)

may not be unique.
Proof: We prove this proposition by taking a simple

example that allows multiple optimal positions. Consider a
linear network that consists of four nodes that are homoge-
neous, i.e., all nodes have the same parameters except for
their positions. Nodes 1 and 4 have their fixed positions at
1 and 10, respectively. Nodes 2 and 3 have their positioning
range 1.5 ≤ x2 ≤ 2.5 and 2.5 ≤ x3 ≤ 3.5, respectively. Since
node 4 is too far away from node 3, regardless of positions
of nodes 2 and 3, a link between nodes 3 and 4 has always
the minimum weighted average data rate, and thus the optimal
position of node 3 is 3.5 in (6). Note that in this case, any
position between 1.5 and 2.5 is the optimal position of node
2 in (6), since it does not affect the objective function, which
proves the proposition.
As shown in the above proposition, there may exist multiple

optimal solutions all of which maximize the minimum of
weighted average data rates of all links. Even though all of
them provide the same weighted average data rate for the link
with the minimum weighted average data rate in the network,
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TABLE III
ALGORITHM FOR THE IMPROVEMENT OF THE DEGREE OF FAIRNESS.

1: Initialize sets NF and NM from the system.
2: while (NM �= ∅){
3: Solve problem (6) by using algorithms in Tables I and II.
4: Obtain two nodes i∗ and j∗ that are end-nodes of the link

that achieves the minimum weighted average rate
and their positions x∗

i∗ and x∗
j∗ .

5: Let NM = NM − {i∗, j∗} and NF = NF ∪ {i∗, j∗}
with xi∗ = x∗

i∗ and xj∗ = x∗
j∗ .

6: } end

each of which may provide different weighted average data
rates for the other links. Some of them may provide a better
degree of fairness, while others provide a worse degree of
fairness. In the example in the proof of the above proposition,
even though all positions between 1.5 and 2.5 are the optimal
position of node 2, we can easily see that if node 2 is located at
2.25, a link between nodes 1 and 2 and a link between nodes 2
and 3 have the same weighted average data rate, and thus the
degree of fairness could be improved. Hence, to improve the
degree of fairness of the solution maintaining its optimality,
we propose an improved algorithm in Table III.

V. NON-COOPERATIVE GAME THEORETIC APPROACH

In the previous section, we developed algorithms that pro-
vide the global optimal position of each node that solves
problem (6). However, algorithms developed in the previous
section are centralized algorithms that require a central con-
troller. In many cases such as VANET, such a centralized
approach may not be feasible. Hence, in this section, instead
of obtaining the global optimal position of each node with
a centralized optimization theoretic approach, we consider a
distributed game theoretic approach, in which each node with
controllable mobility tries to find its own position considering
the positions of only its neighbor nodes. We consider two
different cases: a case in which each node considers only its
transmitting links and a case in which each node considers
not only its transmitting links but also its receiving links.

A. Non-cooperative game approach considering transmitting
links

We first consider the case in which each node considers
only its transmitting links. The Positioning Game is defined
as PGT (P, A, U), where P is the set of players of the game,
which are nodes with controllable mobility in set NM , A is
the strategy set, in which the strategy of each player i, Ai =
{xi | xmin

i ≤ xi ≤ xmax
i }, and U = (Ui)i∈P , in which Ui

is the utility function of each player i. The utility function of
player i is defined as the lowest weighted average data rate
among those of its all transmitting links, i.e.,

Ui(x) = Ui(xi, x−i) = min
j∈NN (i)

RW
i,j(xi, xj), (14)

where x = (xj)j∈N and x−i = (xj)j∈N, j �=i.
We first show that the Positioning Game PGT (P, A, U)

admits the Nash equilibrium.
Lemma 1: The utility function of each player i, Ui(xi, x−i)

in (14) is a quasiconcave function of xi.

Proof: We first show that with fixed xj , j �= i, the
weighted data rate of node i to its neighbor node j is a
quasiconcave function of xi. To this end, we only have to
show that for every c, its superlevel set Sc

i,j ,

Sc
i,j = {xi | RW

i,j(xi, xj) ≥ c}
is a convex set. From (1)-(5), the weighted data rate of node
i to its neighbor node j can be written as a function of its
location xi as

RW
i,j(xi, xj) =

Ti,jW

wi,j
log2

(
1 +

Ki,j |xi − xj |−αPi

N0

)
.

For given c, from the following

Ti,jW

wi,j
log2

(
1 +

Ki,j |xi − xj |−αPi

N0

)
≥ c,

we have

|xi − xj | ≤
(

N0

Ki,jPi

(
2

cwi,j
WTi,j − 1

))−1/α

.

Note that the righthand side of the above inequality is a
constant. Hence,

Sc
i,j =

{
xi | |xi − xj | ≤

(
N0

Ki,jPi

(
2

cwi,j
W Ti,j − 1

))−1/α
}

and Sc
i,j is a convex set for any c. Since every superlevel

set of RW
i,j(xi, xj) is a convex set with fixed xj , RW

i,j(xi, xj)
is a quasiconcave function of xi [18]. In addition, since
Ui(xi, x−i) is the minimum of RW

i,j(xi, xj)’s over j ∈ NN (i),
which are all quasiconcave functions of xi, Ui(xi, x−i) is also
a quasiconcave function of xi [18].

Theorem 1: The Positioning Game PGT (P, A, U) has a
Nash equilibrium.

Proof: From the above lemma, the utility function of each
node i, which is the minimum of the weighed data rates of
its transmitting links to its neighbor nodes, is quasiconcave.
Since the utility function of each node i, Ui(xi, x−i), is a
continuous and quasiconcave function of xi and its strategy
set Ai is nonempty compact convex set, Positioning Game
PGT (P, A, U) has a Nash equilibrium [19].
We now develop the algorithm for each node that converges

to the Nash equilibrium. To this end, we first study the
properties of the Nash equilibrium position of each node.
Since nodes 1 and N have only one neighbor, i.e., node 2
and node N − 1, respectively, their Nash equilibrium position
is easily obtained as the following theorem.
Theorem 2: The Nash equilibrium positions of x1 and xN ,

xNash
1 and xNash

N , are obtained as

xNash
1 = xmax

1 and xNash
N = xmin

N .

Hence, we can assume that nodes 1 andN have fixed positions
at xmax

1 and xmin
N , respectively and in the following, we will

develop the algorithm for node i, i = 2, 3, · · · , N − 1, that
converges to the Nash equilibrium. Since each node i has
two neighbor nodes, nodes (i − 1) and (i + 1), which are
in the opposite directions from node i, we can easily show
the following theorem.
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Theorem 3: For node i, i = 2, 3, · · · , N − 1, the Nash
equilibrium position, xNash

i , is obtained as

xNash
i =

⎧⎨
⎩

xmin
i , if x∗

i ≤ xmin
i

xmax
i , if x∗

i ≥ xmax
i

x∗
i , otherwise

,

i = 2, 3, · · · , N − 1,

(15)

where x∗
i is a position that satisfies

RW
i,i−1(x

∗
i , x

Nash
i−1 ) = RW

i,i+1(x
∗
i , x

Nash
i+1 ),

when other nodes are at their Nash equilibrium, i.e., xj =
xNash

j , j �= i.
Proof: Since nodes are ordered in an increasing

order of their positions, given xNash
i−1 and xNash

i+1 ,
RW

i,i−1(xi, x
Nash
i−1 ) is strictly decreasing in xi and

RW
i,i+1(xi, x

Nash
i+1 ) is strictly increasing in xi. Hence,

Ui(xi) = min[RW
i,i−1(xi, x

Nash
i−1 ), RW

i,i+1(xi, x
Nash
i+1 )] is

maximized at a unique position x∗
i such that

RW
i,i−1(x

∗
i , x

Nash
i−1 ) = RW

i,i+1(x
∗
i , x

Nash
i+1 ). (16)

In addition, since we have a constraint, xmin
i ≤ xi ≤ xmax

i ,
the Nash equilibrium position of node i is obtained as in (15).

Corollary 1: We have the following properties:

1) If xmin
i < xNash

i < xmax
i , then

RW
i,i−1(x

Nash
i , xNash

i−1 ) = RW
i,i+1(x

Nash
i , xNash

i+1 ).
2) If xNash

i = xmin
i , then

RW
i,i−1(x

Nash
i , xNash

i−1 ) ≤ RW
i,i+1(x

Nash
i , xNash

i+1 ) and
RW

i,i−1(xi, x
Nash
i−1 ) < RW

i,i+1(xi, x
Nash
i+1 ), ∀xi > xmin

i .
3) If xNash

i = xmax
i , then

RW
i,i−1(x

Nash
i , xNash

i−1 ) ≥ RW
i,i+1(x

Nash
i , xNash

i+1 ) and
RW

i,i−1(xi, x
Nash
i−1 ) > RW

i,i+1(xi, x
Nash
i+1 ), ∀xi < xmax

i .

From Corollary 1, we now consider the following iterative
algorithm:

xi(n + 1) = xi(n) − γfi(x(n)),
i = 2, 3, · · · , N − 1,

(17)

where

fi(x) = RW
i,i+1(xi, xi+1) − RW

i,i−1(xi, xi−1) + βxi,

and γ and β are small positive constants.
We first show that it is a contraction mapping.
Proposition 3: The algorithm in (17) is a contraction map-

ping.
Proof: From (1) - (5),

RW
i,i+1(xi, xi+1) =

Ti,i+1W

wi,i+1

× log2

(
1 +

Ki,i+1(xi+1 − xi)−αPi

N0

)

and

RW
i,i−1(xi, xi−1) =

Ti,i−1W

wi,i−1

× log2

(
1 +

Ki,i−1(xi − xi−1)−αPi

N0

)
.

Hence,

∂RW
i,i+1(xi, xi+1)

∂xi
=

Ti,i+1W

wi,i+1

× 1

log 2 ×
(
1 + Ki,i+1(xi+1−xi)−αPi

N0

)
× αKi,i+1(xi+1 − xi)−α−1Pi

N0
(18)

and

∂RW
i,i−1(xi, xi−1)

∂xi
= −Ti,i−1W

wi,i−1

× 1

log 2 ×
(
1 + Ki,i−1(xi−xi−1)−αPi

N0

)
× αKi,i−1(xi − xi−1)−α−1Pi

N0
.

(19)

This implies that

∂fi(x)
∂xi

=
∂RW

i,i+1(xi, xi+1)
∂xi

− ∂RW
i,i−1(xi, xi−1)

∂xi
+ β

=
Ti,i+1W

wi,i+1
× 1

log 2 ×
(
1 + Ki,i+1(xi+1−xi)−αPi

N0

)
× αKi,i+1(xi+1 − xi)−α−1Pi

N0

+
Ti,i−1W

wi,i−1

1

log 2 ×
(
1 + Ki,i−1(xi−xi−1)−αPi

N0

)
× αKi,i−1(xi − xi−1)−α−1Pi

N0
+ β,

∂fi(x)
∂xi+1

= −Ti,i+1W

wi,i+1
× 1

log 2 ×
(
1 + Ki,i+1(xi+1−xi)−αPi

N0

)
× αKi,i+1(xi+1 − xi)−α−1Pi

N0

= −∂RW
i,i+1(xi, xi+1)

∂xi
,

∂fi(x)
∂xi−1

=
Ti,i−1W

wi,i−1
× 1

log 2 ×
(
1 + Ki,i−1(xi−xi−1)−αPi

N0

)
× αKi,i−1(xi − xi−1)−α−1Pi

N0

= −∂RW
i,i−1(xi, xi−1)

∂xi
,

and
∂fi(x)
∂xj

= 0, if j �= i − 1, i, i + 1.

Hence, there exists a positive constant M such that

∂fi(x)
∂xi

≤ M, xmin
i ≤ xi ≤ xmax

i .

∑
j �=i

∣∣∣∣∂fi(x)
∂xj

∣∣∣∣ =
∂fi(x)

∂xi
− β.
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In addition, fi(x) is continuously differentiable and
{xi | xmin

i ≤ xmax
i } is a convex set. Therefore, fi satisfies

conditions at Proposition 1.1 in Chapter 3 of [20], and thus
the algorithm in (17) is a contraction mapping.
Since the algorithm in (17) is a contraction mapping, if γ is
sufficiently small, it converges to the unique fixed point x∗

i

such that

fi(x∗) = RW
i,i+1(x

∗
i , x

∗
i+1) − RW

i,i−1(x
∗
i , x

∗
i−1) + βx∗

i

= 0, i = 2, 3, · · · , N − 1.
(20)

We now consider the following iterative algorithm:

xi(n + 1) = [xi(n) − γfi(x(n))]x
max
i

xmin
i

,

i = 2, 3, · · · , N − 1,
(21)

where [a]cb is the projection of a onto {x : b ≤ x ≤ c}, i.e.,
[a]cb = min[max[a, b], c].
Proposition 4: The algorithm in (21) is a contraction map-

ping.
Proof: The algorithm in (21) is the projected version of

the algorithm in (17). Since the projection is nonexpansive
by the Projection Theorem (Proposition 3.2 in Chapter 3 of
[20]) and the algorithm in (17) is a contraction mapping by
Proposition 3, the algorithm in (21) is also a contraction
mapping.
Since the algorithm in (21) is a contraction mapping, it

converges to the following fixed point x∗
β :

x∗
i,β =

⎧⎨
⎩

xmin
i , if x∗

i ≤ xmin
i

xmax
i , if x∗

i ≥ xmax
i

x∗
i , otherwise

,

i = 2, 3, · · · , N − 1,

(22)

where x∗
i is a position that satisfies the condition in (20).

Hence, the position x∗
β is different from the Nash equilibrium

position in Theorem 3. In fact, if β = 0, then the condition
in (20) is equivalent to that in Theorem 3. We need the
positivity of β to guarantee that the algorithm in (17) is a
contraction mapping. Even though we cannot obtain the exact
Nash equilibrium position with a positive β, if it is sufficiently
small, we can obtain a closed approximation to the Nash
equilibrium position. We call the position that satisfies the
condition in (22) the β-approximate Nash equilibrium position
and we have the following theorem:
Theorem 4: With the algorithm in (21), the position xi(n)

of each node i converges to the β-approximate Nash equilib-
rium position.
The pseudo-code of the non-cooperative game algorithm con-
sidering transmitting links is provided in Table IV.
We now study the efficiency of the Nash equilibrium in (15).

We first define “Pareto-efficiency” of a solution as follows:
Definition 1: A solution x is said to be Pareto-efficient, if

we cannot find another feasible solution x′ such that

Ui(x′) ≥ Ui(x), ∀i

and there exists an i∗ such that

Ui∗(x′) > Ui∗(x).

In general, the Nash equilibrium is not Pareto-efficient. How-
ever, in our case, we can show that in fact the Nash equilibrium

TABLE IV
NON-COOPERATIVE GAME ALGORITHM CONSIDERING TRANSMITTING

LINKS.

1: Let γ and β are small positive constants.
2: Let n = 0.
3: while {
4: n = n + 1
5: Obtain xj(n) for each neighbor node j by notification

from neighbor node j or measuring it.
6: Calculate RW

i,j(xi(n), xj(n)) for each neighbor node j.
7: Calculate xi(n + 1) in (21).
8: Move to position xi(n + 1) and broadcast its position

xi(n + 1) to all neighbor nodes.
9: } end

is Pareto-efficient, if some conditions are satisfied. Without
loss of generality, we assume that only two boundary nodes
are fixed, i.e., {1, N} ∈ NF and {2, 3, · · · , N − 1} ∈ NM .
If some inner nodes are fixed, we can divide the network into
several subnetworks such that each subnetwork consists of
inner nodes with controllable mobility and two fixed boundary
nodes and apply the following results for each subnetwork.
Theorem 5: If the Nash equilibrium position of each node

i, xNash
i , satisfies (16), then the Nash equilibrium is Pareto-

efficient.
Proof: Let us define the distance between node i and

its neighbor node j when their positions are xi and xj ,
respectively, di,j(xi, xj) = |xi − xj |. Then, for any x, we
have the following relationship:

N−1∑
i=1

di,i+1(xi, xi+1) = x∗
N − x∗

1, (23)

where x∗
N − x∗

1 is a constant, since nodes 1 and N are fixed.
Hence, for the Nash equilibrium, we also have

N−1∑
i=1

di,i+1(xNash
i , xNash

i+1 ) = x∗
N − x∗

1

We now assume that xNash is not Pareto-efficient. In this
case, we can find another position x′ such that the conditions
in Definition 1 are satisfied. Note that

Ui(x) = min{RW
i,i−1(xi, xi−1), RW

i,i+1(xi, xi+1)}.
Hence, from the conditions in Definition 1, we have

RW
i,i+1(x

′
i, x

′
i+1) ≥ RW

i,i+1(x
Nash
i , xNash

i+1 )

and

RW
i,i−1(x

′
i, x

′
i−1) ≥ RW

i,i−1(x
Nash
i , xNash

i−1 ), ∀i

and there exists an i∗ such that

RW
i∗,i∗+1(x

′
i∗ , x′

i∗+1) > RW
i∗,i∗+1(x

Nash
i∗ , xNash

i∗+1 )

and

RW
i∗,i∗−1(x

′
i∗ , x′

i∗−1) > RW
i∗,i∗−1(x

Nash
i∗ , xNash

i∗−1 ).

Since RW
i,j(xi, xj) is a strictly decreasing function of

di,j(xi, xj), this implies that

di,i+1(x′
i, x

′
i+1) ≤ di,i+1(xNash

i , xNash
i+1 )
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and

di,i−1(x′
i, x

′
i−1) ≤ di,i−1(xNash

i , xNash
i−1 ), ∀i

and there exists an i∗ such that

di∗,i∗+1(x′
i∗ , x′

i∗+1) < di∗,i∗+1(xNash
i∗ , xNash

i∗+1 )

and

di∗,i∗−1(x′
i∗ , x′

i∗−1) < di∗,i∗−1(xNash
i∗ , xNash

i∗−1 ),

and thus
N−1∑
i=1

di,i+1(x′
i, x

′
i+1) < x∗

N − x∗
1,

which contradicts to (23). Hence, there is no other solution
that satisfies the conditions in Definition 1, and thus the Nash
equilibrium is Pareto-efficient.
In addition, if all nodes are homogeneous, then we have the

following theorem.
Theorem 6: If all nodes are homogeneous (i.e., all nodes

have the same parameters except for their positions) and the
Nash equilibrium position of each node i, xNash

i , satisfies
(16), then the Nash equilibrium is the global optimal solution
of problem (6).

Proof: Since all nodes are homogeneous, we have

RW
i,j(x

Nash
i , xNash

j ) = RW
j,i(x

Nash
j , xNash

i ),

∀i ∈ N, j ∈ NN(i).

In addition, since we consider a linear network, this implies
that all links achieve the same weighted average rate, i.e.,

RW
i,j(x

Nash
i , xNash

j ) = c, ∀i ∈ N, j ∈ NN (i),

where c is a positive constant. Since all links achieve the
same weighted average rate at the Nash equilibrium, all nodes
achieve the same utility, i.e., Ui(xNash) = Uj(xNash), ∀i, j.
In addition, since xNash is Pareto-efficient, by the definition of
the Pareto-efficiency, it is a global optimal solution of problem
(6).
Hence, if all nodes are homogeneous and the condition in (16)
is satisfied, we can find the global optimal solution of problem
(6) in a distributed way by using the game theoretic approach
in this subsection.

B. Non-cooperative game approach considering transmitting
and receiving links

In the previous subsection, we developed the game theoretic
algorithm in which each node controls its position considering
only weighted average data rates of its transmitting links. In
this subsection, we also develop a game theoretic algorithm,
as in the previous subsection. However, we allow each node to
consider not only its transmitting links but also its receiving
links. The Positioning Game PGTR(P, A, U) is defined as
the same as in the previous subsection except for the utility
function of each node. Since each node i now considers
both its transmitting and receiving links, its utility function
is defined as the lowest weighted average data rate among
those of its all transmitting and receiving links, i.e.,

Ui(x) = Ui(xi, x−i) = min
j∈NN (i)

Fi,j(xi, xj), (24)

where x = (xj)j∈N, x−i = (xj)j∈N,j �=i, and

Fi,j(xi, xj) = min{RW
i,j(xi, xj), RW

j,i(xj , xi)}. (25)

In a similar way to the previous subsection, we can show
that the utility function of each node i is a quasiconcave
function of its position xi. Hence, we have the following
theorem.
Theorem 7: The Positioning Game PGTR(P, A, U) has a

Nash equilibrium.
In addition, in a similar way to the previous subsection, we
can show the following properties for the Nash equilibrium.
Theorem 8:

xNash
i =

⎧⎨
⎩

xmin
i , if x∗

i ≤ xmin
i or if i = N

xmax
i , if x∗

i ≥ xmax
i or if i = 1

x∗
i , otherwise

,

∀i ∈ N,

(26)

where x∗
i is a position that satisfies

Fi,i−1(x∗
i , x

Nash
i−1 ) = Fi,i+1(x∗

i , x
Nash
i+1 ), (27)

when other nodes are at their Nash equilibrium, i.e., xj =
xNash

j , j �= i.
Corollary 2: We have the following properties:
1) If xmin

i < xNash
i < xmax

i , then
FW

i,i−1(x
Nash
i , xNash

i−1 ) = FW
i,i+1(x

Nash
i , xNash

i+1 ).
2) If xNash

i = xmin
i , then

FW
i,i−1(x

Nash
i , xNash

i−1 ) ≤ FW
i,i+1(x

Nash
i , xNash

i+1 ) and
FW

i,i−1(xi, x
Nash
i−1 ) < FW

i,i+1(xi, x
Nash
i+1 ), ∀xi > xmin

i .
3) If xNash

i = xmax
i , then

FW
i,i−1(x

Nash
i , xNash

i−1 ) ≥ FW
i,i+1(x

Nash
i , xNash

i+1 ) and
FW

i,i−1(xi, x
Nash
i−1 ) > FW

i,i+1(xi, x
Nash
i+1 ), ∀xi < xmax

i .
Hence, from the above properties, we can consider an

algorithm for the β-approximated Nash equilibrium as:

xi(n + 1) = [xi(n) − γfi(x(n))]x
max
i

xmin
i

,

i = 2, 3, · · · , N − 1,
(28)

where

fi(x) = Fi,i+1(xi, xi+1) − Fi,i−1(xi, xi−1) + βxi.

To show the convergence of the algorithm in (28), we first
consider the case when the transmission time fraction Ti,j of
a link from node i to node j is set to be proportional to its
weight wi,j , i.e.,

Ti,j

wi,j
= c, ∀i ∈ N, j ∈ NN (i), (29)

where c is a positive constant.
Lemma 2: With the assumption in (29), Ki,jPi

N0
≤ Kj,iPj

N0
in

(2) if and only if RW
i,j(xi, xj) ≤ RW

j,i(xj , xi) for all xi and
xj .

Proof: Since di,j(xi, xj) = dj,i(xj , xi) for all xi and xj ,
Ki,jPi

N0
≤ Kj,iPj

N0
if and only if γi,j(xi, xj) ≤ γj,i(xj , xi) in

(2) for all xi and xj . Since the capacity of a link in (3) is
an increasing function of its SNR, γi,j(xi, xj) ≤ γj,i(xj , xi)
if and only if Ci,j(xi, xj) ≤ Cj,i(xj , xi) for all xi and xj .
Since we assume that Ti,j

wi,j
= c for all i and j, from (4) and

(5), Ci,j(xi, xj) ≤ Cj,i(xj , xi) if and only if RW
i,j(xi, xj) ≤

RW
j,i(xj , xi) for all xi and xj , which completes the proof.
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TABLE V
NON-COOPERATIVE GAME ALGORITHM CONSIDERING TRANSMITTING

AND RECEIVING LINKS.

1: Let γ and β are small positive constants.
2: Let n = 0.
3: while {
4: n = n + 1
5: Obtain xj(n) for each neighbor node j by notification

from neighbor node j or measuring it.
6: Calculate RW

i,j(xi(n), xj(n)) and broadcast it
to neighbor node j.

7: Obtain RW
j,i(xj(n), xi(n)) for each neighbor node j

by notification from neighbor node j.
8: Calculate xi(n + 1) in (28).
9: Move to position xi(n + 1) and broadcast its position

xi(n + 1) to all neighbor nodes.
10: } end

With the condition in (29), we can rewrite the utility function
of each node i as

Ui(x) = Ui(xi, x−i) = min
j∈NN (i)

Fi,j(xi, xj), (30)

where

Fi,j(xi, xj) =

{
RW

i,j(xi, xj), if Ki,jPi

N0
≤ Kj,iPj

N0

RW
j,i(xj , xi), otherwise

.

We can easily show that all the results in the previous
subsection are still valid, if we substitute RW

i,j(xi, xj) in the
previous subsection with Fi,j(xi, xj) defined above. Hence,
we have the following theorem.

Theorem 9: With the algorithm in (28), if the condition in
(29) is satisfied, the position xi(n) of each node i converges
to the β-approximate Nash equilibrium position.

We proved the algorithm in (28) converges to the β-
approximated Nash equilibrium only when the condition in
(29) is satisfied. However, through extensive studies of numer-
ical results, we could conclude that it also converges to the
β-approximated Nash equilibrium, even though such a condi-
tion is not satisfied. The pseudo-code of the non-cooperative
game algorithm considering transmitting and receiving links
is provided in Table V.

We now study the efficiency of the Nash equilibrium in
(26). First, in a similar way to the previous subsection, we
can easily show the following theorem.

Theorem 10: If the Nash equilibrium position of each node
i, xNash

i , satisfies (27), then the Nash equilibrium is Pareto-
efficient.

In addition, since Ui(xNash) = Uj(xNash), ∀i, j and xNash

is Pareto efficient if it satisfies (16), we can easily show the
following theorem.

Theorem 11: If the Nash equilibrium position of each node
i, xNash

i , satisfies (27), then the Nash equilibrium is the global
optimal solution of problem (6).

Hence, if the condition in (27) is satisfied, we can find the
global optimal solution of problem (6) in a distributed way by
using the game theoretic approach in this subsection.

VI. NUMERICAL RESULTS

In this section, we provide numerical results 1 of our algo-
rithms, i.e., Global Optimal Solution Algorithm (GOSA), Im-
proved Global Optimal Solution Algorithm (I-GOSA), Non-
Cooperative Game Algorithm considering only Transmitting
links (NCGA-T), and Non-Cooperative Game Algorithm con-
sidering Transmitting and Receiving links (NCGA-TR). In
addition, we also compare the performances of our algorithms
with that achieved by the Fixed Mobile Node Placement
(FMNP). We focus on comparing node positions, achieved
minimum weighted average data rates, and degrees of fairness
in these algorithms. We consider the fairness in terms of the
minimum weighted average data rate of links between two end
nodes. In order to compare the degree of fairness, we use the
following fairness index, which is defined in [21]:

f(F(x)) =

[∑
i∈N

∑
j∈NN (i) Fi,j(xi, xj)

]2

|L|∑i∈N

∑
j∈NN (i) Fi,j(xi, xj)

2 , (31)

where |L| is the number of links in the network and Fi,j(x),
which is defined in (25), is the minimum weighed average data
rate of links between nodes i and j. In general, the larger the
value of fairness index is, the higher degree of fairness we
have.
We consider a network topology in Fig. 3, which consists

of nodes 1, 2, 3, and 4. Nodes 1 and 4 have uncontrollable
mobility, while nodes 2 and 3 have controllable mobility. We
set x1 = 100, 400 ≤ x2 ≤ 600, 700 ≤ x3 ≤ 900, x4 = 1500,
and initially set x2 = 400, x3 = 800, which are used as
the positions of nodes 2 and 3, respectively, at the FMNP.
In addition, we set α = 2, N0 = 10−6, W = 106, and
Ki,j = 1, ∀i, j. For our algorithms, i.e., GOSA, I-GOSA,
NCGA-T and NCGA-TR, we set ε = 10−1 in Table I,
m = 10−3, λ(0) = 0 in Table II, and γ = 10−7, β = 10−5 in
Tables IV and V.
We first consider the case that all nodes are homogeneous

and set Ti,j = 0.25, wi,j = 1, Pi = 1, ∀i, j. In Fig. 4,
we show the convergence of our algorithms. In Fig. 4(a), we
compare the convergence of the node positions in GOSA and
I-GOSA. Since the distance between node 3 and 4 (i.e., 700)
is much longer than the distance between other nodes, the
minimum of weighted average data rate is always achieved at
links between nodes 3 and 4, i.e., RW

3,4 and RW
4,3, regardless of

the positions of nodes. Therefore, in GOSA and I-GOSA, node
3 approaches node 4 to maximize RW

3,4 and RW
4,3. However,

onceRW
3,4 andRW

4,3 are maximized, GOSA is terminated, while
I-GOSA keeps trying to maximize the second minimum of
weighted average data rates (i.e., RW

2,3 and RW
3,2). Hence, in I-

GOSA, node 2 approaches node 3 to maximize RW
2,3 and RW

3,2.
In Fig. 4(b), we provide the convergence of the node positions
in NCGA-T and NCGA-TR. Since all nodes are homogeneous,
NCGA-T and NCGA-TR provide the same results. In addition,
from Figs. 4(a) and 4(b), we can see that if all nodes are
homogeneous, I-GOSA, NCGA-T, and NCGA-TR provide the
same results. In Table VI, we summarize the results of all

1To obtain numerical results, we used a customized program written with
C++ programming language.
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Fig. 3. Network topology.

TABLE VI
PERFORMANCE COMPARISON OF ALL ALGORITHMS.

(a) Node positions.

Node: i 1 2 3 4

xi FMNP 100 400 800 1500

x∗
i

GOSA 100 400 900 1500
I-GOSA 100 500 900 1500

xNash
i

NCGA-T 100 500 900 1500
NCGA-TR 100 500 900 1500

(b) Weighted average data rates and fairness indices.

Node: i 1 2 3 4
Minimum

Fairness index:
Neighbor node: j ∈ NN (i) 2 1 3 2 4 3 f(F(x))

RW
i,j (Unit: 103)

FMNP 900 900 714 714 401 401 401 0.914
GOSA 900 900 580 580 479 479 479 0.930
I-GOSA 714 714 714 714 479 479 479 0.971
NCGA-T 714 714 714 714 479 479 479 0.971
NCGA-TR 714 714 714 714 479 479 479 0.971

algorithms. In Table VI(b), we can see that I-GOSA provides
the improved degree of fairness compared with GOSA.

We now consider the case that nodes are not homogeneous.
We first examine how the link weight factor affects the
performance of our algorithms with varying the weight factor
of the link from node 2 to node 3, w2,3. We set the weight
factors of the other links to be 1 and Ti,j = 0.25, Pi = 1, ∀i, j.
As mentioned above, since the distance between nodes 3 and
4 is much longer than the distance between other nodes, the
minimum of weighted average data rates is still achieved at
links between nodes 3 and 4, i.e., RW

3,4 and RW
4,3, regardless

of the positions of nodes, if the value of w2,3 is lower than
a certain certain threshold (i.e., approximately 1.8 in this
topology). Hence, as in the previous case, when the value
of w2,3 is less than 1.8, node 3 is located at position 900
to maximize RW

3,4 and RW
4,3. In addition, as shown in Fig.

5(a), in I-GOSA, NCGA-T, and NCGA-TR, as the value of
w2,3 increases, node 2 more approaches node 3 to improve
RW

2,3. However, in GOSA, node 2 can be located at any
position between 400 and 600, since GOSA tries to maximize
only the minimum weighted average data rate (i.e., RW

3,4 and
RW

4,3). When the the value of w2,3 exceeds the threshold (i.e.,
1.8), RW

2,3 becomes the minimum weighted average data rate.
Therefore, in GOSA, I-GOSA, and NCGA-TR, nodes 2 and 3
get closer to each other to maximizeRW

2,3. However, in NCGA-
T, node 3 does not approach node 2, since NCGA-T considers
only the transmitting rates of each node. In other words, in
NCGA-T, the value of w2,3, which is the weight factor of the
receiving link of node 3, does not affect the position of node 3
directly. Due to this reason, NCGA-T ineffectively maximizes
the maximum weighted average data rate (i.e., RW

2,3) compared

with the other algorithms, as shown in Fig. 5(b). In addition,
as shown in Fig. 5(c), the degrees of fairness in I-GOSA and
NCGA-TR are always higher than those in GOSA and NCGA-
T.

We now examine how the power of a node affects the
performance of our algorithms with varying the power of
node 2, i.e., P2. We set Pi = 1 for each node i except node
2 and Ti,j = 0.25, wi,j = 1, ∀i, j. If P2 is higher than a
certain threshold (i.e., approximately 0.5 in this topology), the
minimum of weighted average data rate is also still achieved
at the link between nodes 3 and 4. In this case, in I-GOSA,
NCGA-T, and NCGA-TR, node 3 is located at position 900
that maximizes RW

3,4 and RW
4,3 and node 2 is located at position

500, where RW
2,1 = RW

2,3. However, in GOSA, node 2 can be
located at any position between 400 and 600, since GOSA
tries to maximize only the minimum weighted average data
rate (i.e., RW

3,4 and RW
4,3). In this figure, when P2 = 1, node

2 is located at position 600, which provides a lower degree
of fairness of GOSA than the other algorithms, as shown in
Fig. 6(c). However, as the value of P2 decreases, RW

2,1 and
RW

2,3 also decease and if P2 is lower than the threshold (i.e.,
0.5), RW

2,1 and RW
2,3 become the minimum weighted average

data rates. Therefore, as shown in Fig. 6(a), in GOSA, I-
GOSA, and NCGA-TR, as the value of P2 decreases, nodes
2 and 3 approach nodes 1 and 2, respectively. However, in
NCGA-T, since node 3 does not consider its receiving rate
(i.e., RW

2,3), node 3 maintains its position at 900, and thus
node 2 also maintains its position at 500, where RW

2,1 = RW
2,3.

Similar to the previous case, due to this reason, NCGA-T
ineffectively maximizes the minimum weighted average data
rate (i.e., RW

2,3). Therefore, as shown in Fig. 6(b), the minimum



184 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 29, NO. 1, JANUARY 2011

0 3232 6850

100

400
500
600

800
900

1500

The number of iterations

X
(m

)

 

 

x
1

x
2

x
3

x
4

Global optimal
solution algorithm

Improved algorithm

(a) Optimization theoretic approaches (GOSA vs. I-GOSA).

0 20 40 60 80 100

100

400
500

800
900

1500

The number of iterations

X
(m

)

 

 

x
1

x
2

x
3

x
4

(b) Game theoretic approaches (NCGA-T vs. NCGA-TR).

Fig. 4. Convergence of our algorithms (i.e., GOSA, I-GOSA, NCGA-T, and
NCGA-TR).

weighted average data rates of GOSA, I-GOSA, and NCGA-
TR are always higher than that of NCGA-T regardless of
the value of node power. In addition, as shown in Fig. 6(c),
the degrees of fairness in I-GOSA and NCGA-TR are always
higher than those in GOSA and NCGA-T.
From Figs. 4, 5, 6, and Table VI, we can see that the

minimum weight average data rates and degrees of fairness in
I-GOSA and NCGA-TR are equal to each other, while they are
always higher than those in GOSA and NCGA-T. In addition,
due to the ineffectiveness, the minimum average data rate of
NCGA-T is lower than or equal to those of GOSA, I-GOSA,
and NCGA-TR. This also results in the decrease of the degree
of fairness in NCGA-T. Since GOSA tries to maximize only
the minimum average data rate, its degree of fairness is also
lower than or equal to those of I-GOSA and NCGA-TR. In
other words, in order to achieve the maximum performance,
we have to consider the information of both transmitting and
receiving links of each node. However, although I-GOSA and
NCGA-TR provide the same maximum performance for all
cases (i.e., homogeneous and non-homogeneous cases), it is
better to implement NCGA-TR since it can be implemented
in a distributed manner. since its rate of convergence is higher
than that of I-GOSA and it can be implemented in a distributed
manner.
We now examine whether I-GOSA and NCGA-TR provide

the same results or not in a more complex case. We randomly
locate 5 nodes in a linear network, and assume that all nodes
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(c) Fairness indices.

Fig. 5. Performance comparison of algorithms with varying w2,3.

are mobile. We set α = 2, N0 = 10−6, W = 106, and Ti,j =
0.25. In addition, we set wi,j , Ki,j , and Pi as a value between
0.5 and 2 randomly (i.e., wi,j , Ki,j , Pi ∈ [0.5, 2], ∀i, j). In
Table VII, we summarize the parameters of each node and the
results of I-GOSA and NCGA-TR for a specific setting and
they provide the same results. Even though we do not provide
more results due to the page limitation, we examined more
different situations and in all other situations, both algorithms
also provide almost the same results.
With the above all results, even though we cannot prove

it theoretically, we can infer that I-GOSA and NCGA-TR
provide higher performance than GOSA and NCGA-T, when
we consider both the achievable minimum weighted average
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TABLE VII
PERFORMANCE COMPARISON OF I-GOSA AND NCGA-TR.

(a) Node positions.

Node: i 1 2 3 4 5
Power: Pi 0.50 1.64 1.61 1.69 1.79

xmin
i 89 443 1001 1302 1584

xmax
i 300 861 1205 1461 1869

Initial position: xi 224 737 1005 1448 1774

x∗
i I-GOSA 300 536 1020 1302 1584

xNash
i NCGA-TR 300 536 1020 1302 1584

(b) Weighted average data rates and fairness indices.

Node: i 1 2 3 4 5
Minimum

Fairness
Neighbor node: j ∈ NN (i) 2 1 3 2 4 3 5 4 f(F(x))

wi,j 1.39 1.18 1.08 1.09 0.92 1.79 1.17 1.15 - -
Ki,j 1.91 1.59 1.20 1.29 1.96 1.90 0.92 1.58 - -

RW
i,j I-GOSA 750 1177 750 753 1443 750 929 1133 750 0.991

(Unit: 103) NCGA-TR 750 1177 750 753 1443 750 929 1133 750 0.991

data rate and degree of fairness. In addition, we can also infer
that I-GOSA and NCGA-TR provide similar results.

VII. CONCLUSION

We studied the position control problem for mobile nodes
in one dimensional linear vehicular networks that aims at
finding the position of each node with controllable mobility
considering the network performance. We developed four
algorithms, two based on optimization theoretic approach to
find the global optimal position and two based on the game
theoretic approach to find the Nash equilibrium position in a
distributed way. From numerical results, we can clearly see
that appropriately controlling mobility of nodes considering
the network performance is critical to improve the network
performance. One of the interesting findings in this paper is
that in our problem, the game theoretic approach, i.e., NCGA-
TR, can provide an efficient solution that is comparable to the
global optimal solution, which is not true in many other cases.
In this paper, we formulated the average data rate of a

link by using a simple wireless channel model. In our future
work, we will consider the various vehicular channel models,
e.g., those in [22], for the more realistic system model of
vehicular networks. In addition, we studied the position control
problem in a linear topology, which is applicable only a
limited situation. The generalization of our work to more
general topologies such as two-dimensional networks will
be our future work. We also plan to generalize our work
to the position control considering network performance and
application specific missions jointly. We believe that the results
in this paper will be useful bases for our future work.

APPENDIX: UNFAIRNESS OF THE SOCIAL OPTIMAL
SOLUTION

An alternative problem that we can consider is to obtain
the positions of nodes that provide the social optimum in the
sense that they maximize the sum of weighted average data
rates of all links in the network, which can be obtained by

solving the following optimization problem:

max
xi,∀i∈N

∑
i∈N

∑
j∈NN (i),i�∈NF ∨j �∈NF

RW
i,j(xi, xj)

subject to xmin
i ≤ xi ≤ xmax

i , ∀i ∈ NM

xi = x∗
i , ∀i ∈ NF ,

(32)

The above problem is one of the most extensively studied
problems when we develop a network control algorithm con-
sidering the network performance. In many other cases, the
above approach provides a good solution that improves the
network performance. However, in our case, it may provide
highly unfair positions for nodes in the sense that the differ-
ence between weighted average data rates of links could be
very large. We will show it with a simple example.
Consider a network that consists of three nodes. Nodes 1

and 3 have fixed position and node 2 has controllable mobility.
The positions of nodes 1 and 3 are x∗

1 and x∗
3 (x

∗
1 < x∗

3),
respectively. The maximum and minimum positions of node 2
are xmin

2 = x∗
1 + ε and xmax

2 = x∗
3 − ε, respectively, where ε

is a very small positive constant, i.e., 0 < ε ≈ 0. In addition,
we assume that only node 2 has transmitting links to nodes 1
and 3. Hence, problem in (32) is reduced as

max
x2

RW
2,1(x2, x

∗
1) + RW

2,3(x2, x
∗
3)

subject to x∗
1 + ε ≤ x2 ≤ x∗

3 − ε.
(33)

We can easily show that RW
2,1(x2, x

∗
1) is a strictly decreas-

ing function of x2 and RW
2,3(x2, x

∗
3) is a strictly increasing

function of x2. In addition, we can also show that both
RW

2,1(x2, x
∗
1) and RW

2,3(x2, x
∗
3) are strictly convex functions

of x2. This implies that the optimal position of node 2 will be
either x∗

1+ε or x∗
3−ε depending on parameters. If x∗

2 = x∗
1+ε,

then ∞ ≈ RW
2,1(x2, x

∗
1)  RW

2,3(x2, x
∗
3) and if x∗

2 = x∗
3 − ε,

then RW
2,1(x2, x

∗
1) � RW

2,3(x2, x
∗
3) ≈ ∞, which confirms our

claim.
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